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PREFACE

|5'I-'.i ||I"|=II.'.':I:|iI .':"\': thins b |L came Feomm | :l_||::;.| |:|||-_--\,,_ A Cistant

Director of Interpretive Programs for the NEH, who ur ged me some Veirs

; .
back to submit a proposal within the compass of a new guided-srudy pro-

BraIm i the MISTOTY of SCEEMCE ! | =1 HLRIp] 1._|'-|||:| o ||_|-.:' i_'-._':-n mone
|'-!1'u'::-'. I'was then wor I'---‘:'.: on an |'II_;:_|I~|| ranslanon of Prolemy's |"_.|I."|_f;: ¢, and
thie OpPPOortwmy o use it as a ~|III!1;i1- vard for a general text-based study af
'-|Il!'|.'|\. III.II.:":L'.'!:.iI:i-\._.iI |:-|!-|:.Ll\. WYy Wl
and this is the re

Why this |'-.||I.-.l||.|| study at this particular time? | can o : of ar least
twor reasons. 1 he firso is |||-I|:||-.-:_:|..I_'-|:|:_ al, ".'.;.:||_|!__ Ul survev-accounes of
ancient science leave the mistaken |||||:r|.'--i--" thar ancient ray-theory shared
I:".l.' SLTLE I"'.I.'\-!l. aims ani !1":|_':||.I|_Z'H. 4% 1S maddern |__|:||||;||:__-': _|||;|_ :II!'Il'h:-.'"_
:|!-||. |!'Il\.' W0 are genetic III IIII|:|'.| I i'h_' source of cantusan ||.\.-.. in |:||_ _..|
that, for the sake of *~IIII|."|I.I e brev v, textbook authors nl'p|..|-.|.-h those
aspects of Careek Fay-an |'.-|-. {as ap |'|. |,.| SR ifte v to reflection and refrac
fon) that scem most imnovative and fowand |-.'-|||-.|!'|-:!_ ind thar are thus most
resonant to the modern reader. Viewed selecrively in thiz wav, of COUrsE,
Lireck ray :||:_-.'-::.' looks Very I much like its modern counterpart. In realiny,
however, the rwo have little more in common than neolithic Erepenation and
||'|-:|-.4.|_-'.. I'|¢.'-.:'l|-..JI;.=!-:'::-' W II.I!:"--".'||:.'II [ -.;.l...l."-||||||.||.:|-L'~1.:|: | I_:-r. -._-.-.:h“_ :r-..:'.
ncent and me 'l.il.:ll I I:I- :||:'-'-r:.' Hqs '|'|-\.I|:IE'H..|E'I.i.:': 1n |;|~:|.,.;'E1-||_:: anl _':'_|'-|:|'|. |'\."|.:
k el foundations, and the same holds for their fundamental aims

Take as an illuseration Prolemy’s arempt to find the
ol r QActlon | -'l.' MOEL .-'leL.'.'.:_: :||i||:_: abe ILLE '_||_|: ALLEIn|
observational basis In a senes of carefy .If-' conerved CXPEFIMEnts meas
refraction Inome aiF 0o Wialer, air _'.|'-'~. and water 1o i:l.:n. Peclemy _:'l.l'-Lh'.i ¥
against £ ar en-degree intervals from § = 07 ¢ 0°.! The resulting r-values
ire, on the wih -i:_. S0 ICSAr 1o '-'-||.|| 15 [ icted by '_||;,- ||'|-:|J.q,-_r|| L1115 |.':".' '_||_||
We aAne .;,'l:; I .“":..:'.'|'| MY '|:.' ! EI'-"--:,'!'_I,""\-"' 1] IIZ'.I.'-..||| o b |,:|I||-,'E |::' IRCNE F
than to conclude thar |:'I-'-|:':||_'. failed o discover the appropriate (and exa
A1 = I-.'|.II--'\-II- L NG -_:II|..-.'|'~I || or method: _-||_.|| eSS |:-||r '!'-n, CaAllsE |;|-.

l\.':'\-l.':\.'|l|l'l'." :.II Il:""\-l.I||'\-'\.'\-':'I|' | RE I.\,-, ...r.._l. i' C ~‘|1||-\.\..'I II.\, SAUTIE |||| = | {d lu]
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PTOLEMY AND ANCIENT OPTICS
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INTRODUCTION

i oL S
&0l LI I remarkable achievements of Cireck '.|:;:||-\,,|_"..'..i'\-§||'_':;:'.|_'||||n;|:'_
LUhne of the most 1 ible achievements of Gr
¥ - . * = 4 & - i
of the ray COoncept and the attendant development of mathematical Opics on
L I € . .
15 Dasis, Precisely '.'.||-:'!'|-'|||- *-II::l"l:: YL BE .il=li'\-.III.I|1.|:|. -."-.l,*-:'-cll-.':*:: Was [Irst
] 1 y S F
.I|"'|"'|I-C"\.. o the study of 5 [ .III.I |I_~ 15 3 Marier of specularion, Dul W
., E
o5 - i iq | T
race 1is ongins oo the mid-ioureh o z L. _|||:,| probably eYen

s ! L i I ] . Wi
SArReEr. |!||:I|.._- g L .-'l|-:'.~..l|:|5.1|'.'. "'.:l-:-'l.r.:*:-.|||:|:'..-.-:'-.'|,_-..|!;'|||_"_-- the mare
. | B

sk of the branches of mathemarnics .|-:|-:||||-!: by wayv of elucidation thar,

'-'.IIII-C' :_:'.""”:'I.':l' .:'.'-\.l."\-li:_'..::'. FEALR '.il I|||-;."H. |'||| TRCRI .Ir.'.:.. NarLir |:-|_ LICE INvestl
H1db | oL I"'III v !|.'.'.I!I.:: IRENE rli:n.' |||_||:.I_:\.'|||_|I:|. _||_ I _'1 _':u.:..'l.c'.-\.

I of mathematical CRICE Was nor just theonstg .:|; in the third book of the

Wetearology he actually artempred to explain the formartion of haloes and rain-

1 . . .
DiE '.II!' DASIE of ray-analysis, u '_I!||.|||_|l. M FL ':||;' PERGMenon oo
refecnon.”
4z !‘='II:.:_|II b CHp cted, ray-theory underwent consid le de ':_'|-.|;'-:':';|_-;':
from the time of Aristotle to the ippearance of Prolemy’s Oprics in the second
| i

half of the second centmry A.D., when ancient mathemarical DPLICcs e hed

1 1 5
t= culmination in terms of borh analyri SCOpe and 1 I weClhicarion.
3 1 1
It is our PUTPQSE 1N NS STUAY [0 Irace e COurse o that deve OPIMEnt, usimg as
: -
= :I'l.l...i:-\.l.-.'-\.'|I:-||r'.I!||r-\.:'\-'\-\.l_:l:'u:'.q,.lll'l. 4 ] |.-|||_|!|||_|||_| i :|||:_.-\.

posed around 300 B.C., Euclids Cpeics r présents the earliest of these sources

1 g I
i g :II:\. I"'-'“l\. :IiL"“il.'| :Llll .'|.||||'.'l.=.-:-rL {47 III SLIDEE .|.:rr:r ||:\.'.|_'=|||III'|<\."'|I 15 I.ﬂ;d

Mext comes '-Il-' Pseudo-Eu Ii'\-l'\-'-“l L ..'.'l".".'l".':"'. W III. h forms a II.:'.III.II LOimpxan
,

100 |l:-.'-.-=:ll'-'.||'.' LAy DU meay reflect a somewhat later stag .;-'-':|:_--..,-|:|i'||||a_-:||_
Yating trom around the mid-first century A.D., our third source, Hero of
k b : -

Alexand apirics, obters imporant |||'-|_:'_|||x inte the evolurion of post

I J T A . - | R R - - - ---.
Euclidean opics. And finally, rounding oue our list 15 Poolemy's |

WS WIS S0mEtl 160 and 170 ALY az a comprehensive svnthe-
=15 B0E '.II!' !ll!.l:li sl LS .i"-l:l!!l:l!!:l-\..il -\.\.I-|||:|:-'."r-.||'

I . . i
In addirom o :Ili'\- SOMPEWIEE mieafrer oore of r-:_.,|||||:_ Il SOUNCes, Wi '.l.;”

also draw upon cercan suppiementary works, Among these are: Plato’s Tirmgens

] gy, Ch i Sould, and Serre
d-fourch centuey BLCLY, the Pseudo-Aristotelian Prodfens (fourth

3 n T,
:'.I!l\.I L full]g L REN % . SLFISEENEHE 5 SIS TS
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PTOLEMY AND ANCIENT OPTICS

FLRCEY O3 4 CanE pert fo oprica
vived. In b the onrire A f
III'\- SLLE W H BT TACY: 1 CHIRIEE 8L O
[ ier fLie 1 v Lot | there 1% el | i v vreed . g
LACTTRC TN Ly NOwW POST, and [heng 15 no elling now mig OT I SUMVIved] eve
I ;
l|i~l-'-|.||:' fime of Dhogenes Lac I IS, T Lhe 51 b works
5 .
I:'.II!=II|-\.'|! I'\l'.'!ll-\.' SArTEE Al 0or o '|_:_l.|-;'\.'_|.\,'-\..\_||-\.|_:|
B ), at I-C'."I TOVLEF WdeTee o :|I|.|,'.!|:\_\‘! WL QP b pecrs. ATe SO, rII-\.'
only surviver is O the S * preatment of 1 forms only
e .=||'.'IZ LENE LR e |"-.II| | 1 i [ el TACH}] Mot an
' " I 1
exposition of | "&='|'|'-||| 15US own theory ISLOOE, IoWesver this [reiiise 1
I 1 ¥
RCTUAREY a4 Crfcal Commentany: on f_||.;' [heories of cerraim of |!|.\, I | iy LSO,

IS :"-_|||.|

hese two cases illuseeare most. if not all, of @

- 3 e di # r
SOOTIAMN F Of 5 from Presocratic nimes Ip oo, and

| Ii'”i.'lll'\-:i-\. 'r"'i.ll':".'i | he !‘il'.l and most abvious of thece ||

of primary texis availa I W kmow, For instance,
|"'III\.|.'|I\.I‘. | :L:\,Il:\_l..| | = |} | | = SHLCly o

carnest long betore Aristorle, £ i now thar this initial phaze of spudy

awned numerous reatises on lighe, color, and vision. Both I_--:.-::|:||| TALIE
2 | - thai 5 T
epves Laertiiig, amerng others, ateest oo that b, Apanst all odds,
1 i > 3
NOWEVED EVErY one of thcse '.|'III:i:.I|' L -_'.I:_|-\. -\.|:||__|||||.|-\.|-||-,|:|||_ Anart Frosrn

ages in Plaro’s dialo . the earliest extant optical e

ARt Ii 1 COrpHs "'|||||-'-: ull clpres L ErAOesE OfF i

I RS ETiok DETWOEN ArSHoT!
g in the way of primary sources, and the little we do have is chronologically

'\-I-\.I '.'--q,.':_

D& Ol I with tl £ 3 :.'I'l-:. CHOCPIICTE o .-:||-:'- '|."| stus Ol fhe Sere

and Euclid’s Optics—dating from after 100 B.C. Hence, just as for e period
up o roughly 350 B.C., so for the ;:-.'.'||5.| trom roughly 300 B.C. to 100 B.C
(#11] |||l=\.i=\.l"\-: III:IIIIE: af the '.._':|:|:|||:';|| -:|!..'\.i'\-| 1] -|;_ _||| 1% :"”“i-": revl I:-\.

L I-\. af |':II| | .'1"\::l_;_|| Vi i

torced o rely heavily upon secand

15 NoL th lem here, On the contrary, we

o l,i_l,"i-.'i &y af such sources IFCeIT « |||1-\.-I| COIMMTEEn Tar s

Ll | II.'-\i'\-:..’.IﬁI!x Ay £ "\-.,- R Lix .i!-'-\.- .'.I|!|'||..,_-_| ACODUnNS Le E-» [ OECnes
Even TNACY SOURCES O ||:II!E'I|_ as '\-1'.\,:|||-||;l. Ofes, _-':.-\,,:.”

T 1nstance, ‘~|I|"|=|I~'-"~ il i'.ll!'li- deal of information about [FrevELLS theories

Ck VISHOE i = } II"\- I."_l.' I"'Il\. :-\.".'-:l:!!'tn.l o i'|l= oY ;,||~. TELAEEN§ ] |.-.| M, [0,

tells us grear deal abour Stoic visual ':||*.'-'-r:.' in i q { cnatlin andd

defendi f own. Like the indirect so wver, the infor

Mo L B - =4 | | ind frorm direct guotanons (X 'H--li:l ":- |

A zaid chat Y7L, o .-\.|-||II||._- . 1ons (% 15 said o have




IS ROEYLICT IO

1 L |
claimed thar

Oibviously, whar is at issue here is reliabiliny,. How mu ; 108 CAR W

actually give to these sources and the information they impart? The answer is

nt upon i number of factors, amo J which time looms especially

For example, both Aristotle and Diopenes Laemius have much to el s

1 Llemocrinus et TS I:il.".'...H.I..'::|:--!-\.|:-III:.,||||!- IrANE0Os -.-.|:|: -I':'-C'-"f'fl"--\.r s

while Dis HalcRRES Laertius lived ar least seven centuries after him, sloreaver,
[Miogenes was prone to give oblique cirarions, which indicates thar he i
RO At Secon : || |I|-.‘| -'-|I:||-:-..": much ¢ ril:i._'.:_l COnoErm

] L& iIl\.'.IZ'iII\. L Bl l'-.'i'\-il:l = "‘\.:|| o ;'-\.-\..|ri|','_ |:.q.-._l|||q,.;-

_'.!\,_'_x:q,.':l:' WElS NOlorousty '.|,|:\,'.L'I:,'.|;' Tj1 |||-\. H%E _||:|| : Crprciariomn ,_,_5' SOUNCes

.

Bl S s
III"- -Il"-":””l"::.rll‘\f'-' 1n |"':'-.|:'! DO P O I_||:; SUDErIG R al fipe

1
SOIMCEHMACS Wil I

L% |'I|'\|I!::|I|'\-

er problem, which is parciculary EeTmane in = case of the four

CC5% LRI W hich this DITCSENT S[u Vis 1 "'\.:\.'\.I_ i-\. il AL Ol _.||I||;'|1!:. i|:_'
Ax 15 20 often the case with ancient te KIS, ||q’_'_:||:'| e i Snite il-\. MGr peoy
chance of those sources « be established with absolure certainey There are
SEVEL .I! INSS0ns *IF |1 LEL I.".:.. LR M |!I!!'|'..'i|'|'\-\. |-:||'|:.|||;;;;;_: |;"_;,'||| |E_|||'-\.
fram beftore the Middle Apes, 50 the texts as we know them are produces of
] R B '“|=‘~'-|"5!";'.--'5 Ay '-'n.'”.' " _||“r~.li |":|_'-I.':::..'.'.I E'l\.':.'||||:|.-\.ii rl.';.-il::'_'
ML E :“"\.'.l\.l::l\.! |:!I|'. i Ol !."‘:l. IEX[S ||_;l\..\,' o = L :'\;|,'_| s I !\,..';..-_-:-,_ |- !|.;' Fmam
INE DWo are .|-.i.:|.|:l.l.'-:l:|i:- in Latin translaton. Thos, w ver texoual devia

. i . :
15 might naturally accrue through successive redactions can only have been

[ I e
l\.|:|!||'|'||||-\-I-\:'I-I LEL "'\-“l\.ll ||'|||I"'I.I:\.'I=||I. I'III.I.:'-'. rII-\.'::\: 15 ;I::; |:||'\-|'\-I:':|: L] | |.||-\--\:' 40

L] ) ] "-"-.II':'lII-\.':;,'\'I!.'|"':--\.| !_'-\.-'\'! IO, IMANY ACe '_l.l.r'._'!.:«._"_ !'"_-;_-|'|||||-._:~hr|:-.|.¢|
'.II;.' course of rexoual IrAnSmssron Al I\'.'.I'-I aneE of our L;-',' texes. Herns
- d
LatapfrIcs, wWas |='|I_:'. ATEFIDATGA T wrong author (Prolemy), and the same
} ¥ = -
CORIRCE el :!I!I-\.I tor lll:||:\,"'\-\._
\‘.l':...il.' "\-II.II |'\'I'\.-.' EINs Imay I'-:-q,'.'|_'||l s Irom _|.\,;' _'|I.E|| . -i"""\-l:-\.i.:-i.' Cercainey,
= I .- ' 1
v need not L'-"-'i' U IT0Im e51: -'-|IIII|:'.|I:.' wuthenricioe af our SO RCEs with art
- ! - ; : - :
I'!'-I"-l It I-I:i'-l ASSUMANCE. 15O ISt e, Lhere 18 a4 considerabie I:-;u\,'_'.' ol e
I : i . : : 4
mony from antiquity and the early Middle Ages confirming that oprical works
by Euclid, Hero, and Prolemy were in circulation :||I|:||.!'_ thiat pertod. In the
case of Heros AEIHNFICE, 1N DO, 1T WhRE jRESE SUChH festimony that ;1:_-||||:|:|._-:| ;h;_
i !
modern edifor §0 determine 1ts true ,-|,||;!|._.:--||i|| Tr "l"i“' af 1ts |;.|-|:!._.,|:
- 1 . { 1] I 1! 1
misattnbunon o Prolemy. '-:'-'.':'l_.-.._c::l*:_:'-.|r|-.|-|||:|::..;--.-..:|:|\;-..: 1ong them-
SCIVES May provide ab least @ rougn sense of -.|:r-.-!1-.-|||-_'hl._.-.. arder. There can be

F = .
::l:-.'.l'l:l:l IOF ex:an L -.'-.-l!I|'.'xl"].’\-.'.'..-|-:". :'u'lll-\...|||-:'|:|,-.::,|'._||'|.,'.,-;|xr,,-:-:-
: ?

1 1 i . [
K C0ng '.'|='|.i..-\.”'. 1! ':II.' Li [ TN af rav=-theory :||_||| ]'||- sk s Crorr
v /

and Ca rerecs, or for that mareer than Herao's r. which in murn pre

i . 4 . 15 9
SCIE 2 CREAT .I=|'|.I!h. C OWET ITS E".'.LII-\.I-q,'.i.': -\.\.'In-l_||||:|:'_'|,:\-_||:_ L rfdafibed, 1N aciual chrc-
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IMmay
VIR CE
anary and ch e [ al succession, T ||||-.
’ |
probicmanic e [ LILHE RS chronolosy and attribution of our source-
1 L

bie, we have ar least some assurance thar they mark success VE DOINES

heoretical develop e, Followang is alist, with briel |:'-.|r||!

mans, of the Basic Sourc RS AT C1h) '\.!I_Ill'.'
1 fre Panr Frinnary
Fuclid’s f;'l."l.'.'.'.-. Best-known tor the Slemens, his magistera compendinm of
i ] I ¥ i i

plkane ind solid geomerry, Euclid Aprparcniiy :.|||;:_||| at Alexandria in the lare
bourth and early enturies B.C.. when 1l Vo DOgan o rival, if nor

T deka . sal - N - .
-!.|"'.|'\-- .|.-|I-\. M5 A% REE KD I 1A .|I|.! CRINTUTA Cenie '.l.||!""_ :||:_' I!I_'II:'|||-\._|..

11 ¥ g ¥ ¥
world, Lhne ol |::- :|'|..:|'. ) Ehe CARFrcs, hias come down [o LS In
. #
- k. 1} } [ he 1 | I
bareck; the caricsl manuscript datimg rom the tenth ceniury AL
it Lranish |.-|::|-.||: 'l . Heib F IsCoversd, [Iere an rwo distine
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SECTION 1
ANCIENT THEORIES OF VISUAL PERCEPTION
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SECTION 1]
OPTICS PROPER: AMALYSIS OF DIRECT VISION

Well before the time of Euclid it was recognized that what we sec depends
PO whether the object is viewed in unmediared Fishion or whether it is
viewed by means af a refle CiNg of refrac Ling sur face. Ac l.:-r-;||||!: [0 |:'::-'-.|.||.||;.'-
515, then, the domain -:-!'-.'-:,'-;l-. %, taken ar its most ECnic al level, can be divided
into three hlli'-:‘l-:l: 5. Un '.||'.' one I‘!.Ill:l. OPOCE proper 15 -.'!"!'-k'l'rlll.'-‘l '-'-'ir!1

1 . 1 1 P =
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with vision that occurs by means of -.|:||||.~|c':'.'!'; broken rays. And, finally,

dioperics covers vision that oocurs by means of partally broken rays. In this
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A5 we have al _-_._.,'.:.- noted, ancient mathematical oprics was grounded in
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rare -:,I-.-w-.u_ri|||'|:-|| (A 12, pp. 492-93):

[2.2] Let there be a circle trom the mid-poing of the circle (which is akso
called its center) think of a straight path 1o the pupil® of the eye thar is seeing
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& I 1 i 1 i M M .

it evidenced by the fact that, when we have closed our eyes and then re
opencd them to look at the heavens, it takes no perc ¢ iime for [the

. 3 3 1
wisuad ravs! (0o rc ..\,!: ElEE |;|_'|'..L'"'\-_ o PUast 2% OuUr SYes are Ofscng WiE 20€ e

£rafs, cven th h the distance is, 40 0 SECAK, ITERRIL

5 - i - .
Here's justification for the rectlineanor of ravs 15 thus COnTINgeEnt Wpon o

I ) . e
-ndent suppositions. On the one hand, the radiation is so swilt that
s ¥ - f i ] I = I k
IT :\.I|:-q."\-\,||:|: ||_|\.'q,'|!'_':||||;: ICE INHOWE [TOTE SEOWEY, Lin the O = | i.IIIi.I.l.'lL"'i..: =L
'

. - 1 i
IE 15 F:-.':'u;.'-:l G TS, §E ".:_{:_-k-.ar:l'.' takes the shorrest |'E=l.-!‘:'. [k |=-.'l.‘:.".l: '!1.|_|:|1 .




SECTION 11: OPFTICS PROPER

a pertec thy -.;r_|i1:|||, one As we will zee in the next section, Hero puts the leas
path supposition 1o good use in accounting for the |.-:|||..'. .III!'_II.'-- bvwr im0 refle
tion

Perfect rectilinearity is not the only characteristic of visual rays. As Euclid
points out in the hifth and sixth definitions of the Clpries (p. 2), they also
pOsSEss directional p.’i'-'”" e, Hence, “objectz seen wath higher FiYS appear
higher, whereas those seen with lower rays appear lowwer: and obiecrs seen with
right-hand rays appear to to the right, whereas those seen wich lefr-| 1S
A[rpeE T l:||:' I-C'i.l Ir iz ‘.|::'- Liir:'-.;'l:lil.:: J :'n.lil.';::.' :ll.:: q.'."..-.|.'~|:'x I"‘:l.' \ |-.::.‘:: |.-.:. & I
map |l||_'. sical ApCE W ithin the |=| ine dehined by the visual cone's base. Prope
sitions 10 and 12 of Euclid's Chosecs (pp 1G6-18 and 200 illustrare the .||:|:ii-\. 2
tion of this principle:

(2.7] [PROPOSITION 10] The more distant pares of
£ dppear By .

||_':|_':;_'|_'\.-_ il -"l. .:|||; (- "'_:\'_l:l ||.|:-::'i il
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[i.e., being per [ i i tamc. | say thay I appears

higher thar

fhigure 2.3
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DE is seen according o AD and AE. Consequently, DG appears b
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Let AB and G [in bigure 2.4] be two magnitedes thar ane viewed, and
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let Ebe the cye, from which rays ET, EK, EA,
EL, El; and EG emanate. | say thar EZ, El
'.I!-\.i |';| SOCIME B YETES |51 |_|_"\.'\."|'|_':'| [Owa g
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D

ﬁgu re 2.7
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:ﬁ;u re 2.8 I-I.FI.II.'\'I: 29

e 15 a difference ||'|-:':|!:-Lr_.-I|".".'-'.-'||'::|..:| | CALLECTS A3CFNE
1 will never A IACEET, MO AT Wi IE [A0CS LIS 1T
g . T . 1
directly or whether it is closer.  Thus, ic wil EppCAr cliner sm Il." Ol Sl
i 1 I
Nneg .|i'\l;,!.ll"l SR W QEp-End On ElZne CHSTErersces 1N a8

1
LLIZ] SA%E

EXAMPLE 1L.1] For instance, if two magnimudes, AB and GIY [in
ure 2.9, have the same omenation sulsremd [he
since AR does not lie the same distance as L LY [from
|:__.'|.|L-_-_ |i!.|'..';,' P p Eal), a5 seems
imity [to E]. | I
distance of ane

happens when the difference in [relative] distance is imperceprible)

-: sAMPLE I1.2 -.|.-il_|.'| 1=, if thers are rero m el wch as AB and

; AT : - :
GD lin heure 2,100, that subtend the same ar 1, e Ehe S

distance brom in, and il their oricniation is dil ne of them,
."I.H_ '.|.\,-_-\.i :';:|:\,'.\,l"\. FH Ii:;, :-!!:-\.! i-l :il:I N

then AB will never appear larger than GO

an account of its faci

secad, AB will eithe

GO (which

(NpEET]):

Lal) 'H.':I-\. N A% |‘|:."| |
imperceprible

|I SSCMIE, MOTeoyYer, I||.II SIS =CEFITE

= III':I.'-\.:'l"ll.iE
mE rather than from
TENETLMEN 18
For, il a given sensible impression o
W Pernate, and 1 Gne

M III-\.' LY CHC




FTOLEMY AND ANCIENT OPTICS
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the sophistication of Prolemy s approach to size-perceprion in comparizon to
| B '

that of Euclid
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i =
CTCCpPiinn af locatton and size—wo of
I ' m | I . 3 3
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{25, AP Lo -:‘L:l 3 More than |-:'|:'-|_-_

1. .'I.Il:-':.'-,:'!r."h'.l' ! ':'-'.'..-.l.
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4 3 = I
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:',_-_-_.J:-. L JF CTFCiE
Let there be a sphere witl \
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i .'I_' '\-\.Ilih_::.' I =1 EREaAL -\,,|!.=:, : [:i':'.l | Let core - '[-;l‘“]
SO AL I i PO dizmeter AR, and les GE, B, AD, and Al be d
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les at K are therel I . Mow, il AB remains fixed [as an axis],
iz rocaged al 3 K until it returns poits origi

1L |thiroug
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ir cyes on the nearcr of the pegs, we will see i
sther, which is farther away, doubled. And if
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) g ray AH, because irs MK distance
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SECTION III

CATOPTRICS: ANALYSIS OF VISION BY REFLECTED RAYS

T P 1 § P 1 £ U1
1'.". nile _"'l:.:l_.\,' e N 'H.;.:_|I Ay AnNaly=is of !:_||:,-\.'Z|:|I| vields many of '|I: SITLE CLRl]

\I|il.||:l|:'\-\. EE IO i MAY-aAlalysis, TRenc £ one crucial ditterence :‘\II':I:':!": Wy
| | ] I g -

'_||:'| ITY ASSLLITCE TEEAL, DECERLESE T |.;,-\.'I:II| 15 DN PECEIVERY CACLE L1 LS SARLEEE

" : 1 | ! "

dant phcnomena ane more Of I:"H- III:I:':I..'IIII'.'III of subjective Intervention

hence the division berween “real” and “virmual” in . For visual ray theo

rists such an assumprion is absurd, because it is the eve, n & object, that

L
|| 4 JF Fy
| LITEN CAUSES VESIOM. A LITAEESs fre !'l-\.".lll.':! LY r-.":]-.'-. LICHER SATC CENRES WEMLLIA

s

:I"' :'Irl';.ll_l-\.\.: Lk] "'\.lll:i.\:l_l_l'l-\.' III:'I\.':i.U.il:'\l!'. r.:!||: I |EI...". :ll l'\II"'i:'l\. LIWe |"'|I'|"'I... ALLEEER

stances. F irthermore, since vision resules from contace berween the visual

| i by i L. fl |.

THile _|;||:‘| '.':'H.|I'\-I|:' CRO S, I |:||.|'\-'.l.'\. LINAL, WillEIREwET [ e reaches such obpects

after reflection, they must be seen.  As we shall see, this imperative forces
fusi ' thiar bl rerfactual and

LErfaln COMEISIOns AEFLT IIAEe formation that are both countertactiual and

logically untenable by mode

L e examinar | | [ECEN art L] (HDE Al :!'I'==||i:
X ~

_||||'.|;'-\. I 1 ;:;q_! I[E T '_I_:Ir.\.[!!.\..il .I!I:! £ I!!i}!rl..-! juskifrcAatran 1'."-.-\.' WIAE CRRECEY TRATEN TCh

the I'\-|’-\:| MEm OF mu rl|!|-\.' reficCions Irom Concave MIrMors, CXEImLr

i = 1 = [’ 1 3 = e

|_|;,'|.II| e L :|I|-\.|IZZ|!II'\- IIIII!I-C'.' '.'-IIII. B SLCH TeficCons Sn OCCLLT .I|I'.| 111 Wil [~

bers, Mexr, we will address the basic F'rlll-ll'l:l.*-:l Tl w=lacatiom in

s . . I
:1!_|||;,'_q,q_.-"-.|_':-\, .IIIRI COMcave mMarrors, alteéer '-'-!III\. W WY aE l\.":l\.'.ll '-"-'I:I: FRELLTL P.‘.I. =
E

o = i
rical pssues of image-formation 1 re-cistortion inall three types ol mir-

> &
ror. We will conclude with a cursory examination of visual etfects produced
I:1'.'.\,;||||||.\,:.'\-|||_'||'||r:||r'\a. -cl'.'.'l.";.'-cllll.:l SRR IIII|'!'\-I\..I'\-I\.'|::'." Hera of Alexar
Caatapirics.

Lt of £l AN
5 7 . i :
NnceE the fFol Ol Ancient !":":..:I'l:'!":":.-cu'l-\..il -cli'\l:I. L WS LEN :"\l:il
ACCOURT BOr Lmage-ro AL, Aand :.Ii.'i“:lll-'.fl“:'l. 1 MIITrgrs

mirrors chosen being plane, spherical convex, and sphe
f .

i . . ; -
main principle governing image-location is of course the law of coual ang

it
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| i:Il.'l'.'i:'\-!Z: i

A

s be 1} ACaj irror. Let visual ray BK
m the ove be reflecied ay that angle E = angle Z. L
deculars B a

nd DA be dropped. Thercfore, BC : CK = DA : AK, for
v rhe deFin I i FT Hl: K !:-; |-|.'1L|"-:

siftrila

14 I
LIAF treangoies are

bigure 3.1

ror AKC

ﬁ:g:lr{: 3.3

NM] applicd,

I ARIEIMPTed & OO retecal |ustifncation «
dIEREL R o WA g e Bl .‘I|'\.-_||l.-\..\,':! AT
the rayfprojectile is blocked by
relbound I'huiz, as Hero
JLLET .I'\-..!-'\"\.!\.." :'::'u'.ll":;':-__|: 1o Rce
53 also the rays sent torth by L5 SiE
-I- - - | . . . -. !
TCLECL RS BNy SO NACT DOCAEEs Wiren

11 S | :I ' [y
AMiC madacl, Herd offers thie hol




lowing mathemarical justification for the ¢ Jual-angls

SECTION 1L CATOPTRICS

=% law in chaprers 4 and 5

ot the {gropirres !|:|:
i

|.llZII|:'_ an e '.:I|-'.'.'- -:||!rl.'|r.'"2 [ |-\.i-. TG | lera, |:'I-.:-E'.'||:'.' AECm s o ¢ -|.||-||-.|'; thie

[} the wisibls
the incident ray, and let it be connecr
with [reflected ray] AD. And le
angle EAG = angle BAD
similar ray GB be the incident
bet in be connected with [reflected ray figure 3.4
BLY. 1 zay char GA + AD < GB + BD
Por let B be dropped from G perpendicular vo AB, ler GE and DA b
i .-lll .|I:-E !-\.: .."'i::l e EIT ' ".::_': BALY .|:.::: .."'"l.| - EEEC RS :i:_'.
are vertical angles, and angle BAD = angle EAG [which therefore = £Al

Baer che anpeles ar B ane r l'-\.l.u""l. 'I.L Fumthermore, B = Bl o that
LD < ZB & B, But ZA = AG,. and ZB = BG. Hence, GA + AD = GB
BRI

HAPT 1] Let AR [in bigure 3.5

be the surkace of a [spherical] comvex mis
:'-!_::i:.il: INE CYE Nn{ t LY be chve v

l:.':l-\.! i"':l:ll' !:: LaA .I!:|i."'.]:':||'!:'
eqqual angles [with the reflecting

A e

| say that GA + AD < GB
Far let tangent EAE be o

ingly, [horn] angle HAI g

BAZ., and the remaining [angle] EAG

ALY, 1E then, ZLY is joined, it follows from the previous demaonst

thar (oA + ALY = L & L1, Bur G2 + 21 <« GB + BD, 50 GA + AD «

+ BD

figure 3.5

I .||I:\;:.I-\.'. I 1 !”IE“. LIN'E Il. | | e -:i'l.':\. SS1CED -\.|| :!'l. :,_'.l\. 15 -\-;:|||;'-,\':'__ £ .\,i_l.\i. ey

. ; : d :
from Hero's in thar he uses the normal 1o the point of reflection as thie refer

ence=line for the angles, so that "each of the rays two branches joins ar th

L
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"-|\'."I-\.'\||\.|il.|||':|.. :1-'|:|I|:-r||:|.|||.. .'_".-_'|-_"H.'.'.|I|;|_'_|_'_"_|:._'||::;||ir:||:|:.;.'|_;_:::
point” {(Cpsicy, 111, 3, p. 131) |"!|:!-:'!|':1.x|.||||-:|||'\-:."-.|=q'.' yental confirma

af the cqual-angles E.|u. 15 [fn I | (] 1 In -:.:'_" feess IR, B=11 (pm. _%, |"='T1|
I !

EXPERIMENT IIL.1
y bronze plague ol
SLICIT AS :!:- N E:.;!.:'n. 11 |i_:'_:|..'

:::l! ler A : 185 CENECT

n ler a small eiee
erpoint A on eithe
w: BGIDE
MEers

el [ INISrsSecy

» I e rraE el i
CACh QUaAnicr cancle

.
|
degrees. Fimally, let the two po

D) be raken as centerpoints, and, using BA and DA as ra:

FAH and TAK be inscril

. B ¥ g I
_“"x."\..l. BCE CFECEC RARNID, SITIEE, SCyUars, SCi 1T SNSELE OF oM

O o I'.=l' AmapHEL '\-.i.I:E.II:. .IIII\.I !l\.: Qe Of 115 '\-:I!-\.'h .'\-.\, | % i:\."\.l =0 i
appears as a clear mirror. Let the remaining two sheets be curved in such a

Wl Iil.il i!l-\. CONYEX SUriaEce ol I!:-\. OTEE JNE !|;-_' COGLYE SUriade of ;!;-_ ] |
form a circular section equal o circle BGDE, and lex the
CORNYEX -||':L! OGNS SUTE I '-:H.'='i A

AT [T i:'.ll: Wik MIFTors

Ler us cut arcs from cach of the [above] two sheers, and let
11 - i"'-"\- ""\-!'-|"\-E i"l' LA and !."I.]‘\-\. -.l\.l II.. H‘I. |- LA AEk l\.‘-'l": [ .I!||L;
1

"'I:'-\.'l'il.l\.:-l'll' 1 SECE AC {"-!!.:EI-EI-::":I_!!:q_;:::ll_“"-l_l_q_i |_|:'\-'.||_'I.| _|:'_|| |:;I'||,

.|'|:!:':|:||:!I'|.l_'|i|I.;Il.:;.'l'-\_-i:'\-:.::'-'\-l\.'l\.iiI'|'\-\.I.IL:'! A wWay I me ol | 1
Iil'_"ll"|'-|“-\-'\-'\--|'\-i'\-":- 18 poine L and al ::il":-\.'."il.l."I M ow El.-CIil-c'.:'l:I:;-
L .:R..-I::-\.'I\.I ||E.!l|.i..'|'.'I J (=1 'n':lll II:-\. 5 |";| 1 !: 'u."|i-_!.

mounted] facing up. OF these mirrors, let the plans on GAE,
COTEVCY CHINE O a""'-“. An<a £y WRCAY'E | i [.'\h I"|.'__|_|'.'_:|

L 1

the upper edge of each of the mimmors let 2 pin |

.l.l.'
¢ ol
e attached axially oo the
IMIFTGE S0 X8 [I::—:q_-_'ill: El __'-'||||.I 1|_

Aesume, then, thar e

view with either of o

'-"'\-il'l\. s E"'!'-l\.’l\.i AL aing ].I'.'! "u[ _.I!":II II":.iI WAL

the axial pinof |each of | the mirrors. Accordingly, if we slide 2 small colored
marker |al jues surface uneil it appears to us vo lic
on nt L, |'||'|'|I-'1I-.-II'|-JI the im
i5 seen in the

1 which the marker’s image appears in

!ill:'\-l. MINTOES (T |;.. :l":l. |'lE.k|| :|';:-||_'x;,':|:::d !I:, i il :'|.1_ i! '.'..':'q_ir_lq,'l'“'ll
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steaxight line AM. we will find thar arc B i abways equal 1o arc BL. Sancs
har ts the case, angle LAB will be equal to angle MAB, and line B wall be
nvormal po all of those mirrors. Line AL [thus] delineates the [branch of the|
visual rav incident to the mirrors surface from the eye, wheneas line AM

I ! I § 3 !
delineares the [branch of the visual ray retlected from the mirror s surface 1o

II;-_ LYk ||E: .-||'|'l.:

Ac we will see later, since Frolemy bases his analysis of reflecrion from convex
and cancave mirrors on ovlindrical sections, his concluzions abour reflection

: - N :
rorm spicrical MIrrors are gencra ized from the simpler case ot cy

TRLFES.

2 _'-..".'r.'.’.'l_f.-:'.-' et 5 and Multiple Tnay

Plane and Convex Mirrors: With the equal-angles law established, the next
I"'nn:::. iy determinge is whether more than one ray --:'-I:L:-ll' EMELMATIng from the
ame center of xi_!-_|||, Can refiect o the same |'-|!-i;_'-. ¢ from a EIVEn Oomie o xi:_.'::
In other words, s it possible for the same object 1o project more than one

ge in a mirror? Excerpred below, proposition 4 of the Euclidean Catapsrics

(oo, 292-794) addresses this issue tor vane and convex mirrors:
pp. £3i-d I

[3.4] [PROPOSITION 4] Visnund neys thar are refleceed from p

sl FoREe PREFrer e Pl

Let AC [in hgure be a pl and BCL and BAE

reflecied ray-coug | say that CIr and AE are not parallel, ner do they

IEErFECT I thi ectIf Ol ['r--li-\.i I

Mow ang Z = angle T and angle K = angle M. Bur .||':!_'.|-. L= angle K,
hecause it is an cxterior angle of rriangle BAC. Likewise, angle T > angle M
Therefore, D 15 not parallel 1o straight line AE, nor doss it mbersect ot in

:‘i]j:

HEurc _".|._-' 1ip|ure _‘LH

Thes timae et thiere be 3 convex mirior A AL fin Brpure 3,80, let B be the

eve, and ler BED and BHE be '-.'Ilin.m.l:-... ray .--'.!i‘-!.'- | sy thar 2D and EH
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qual angles. Thus, angl:
sllj l:l Ii'r ' .:"l_'_.l 1"._ '-'-II:i.
Ior angle A ngle O + angle I

=angie L+ angle I'. A forriors, then, ;

rasghe lings ZD and HE will

o
el s i | iy i [ Iriw T . | &
Although the issue of mulopl images is not explicitly addressed in this propo
1 ! ] I
AT B e an el T o i t y . ; 1
Hton, it nonetheless provides a clear tocus, Since the separare reflected rays

cannot meet, they will never reach the same object-point. Consequently mul

rimleE 7 e | | 1 P A WA e ! ka .

PLE IMAges af thar object PO CRrrce !_.w-u.l'-ll. D seen from the SAIMC ¥VICW
point.  Pretum by, the addi |'\-!:_|| PESENCTION AgaInst para :;,Ilw.::. I MeAant oo
r . | . I .I I 1 i
LOVED CI8CE OF ODJECTs LYINE S0 e awav nom the mirroe :|;_“ in reaching them,

Ll s |'.|:|I:;.\, YIFTLUa s I'.||___I

oncave Mirrors: Han ng shown thar multple image

nd convex mirrors, [ urns o the analyvsis of ¢

i
are impossible in plane

HLVE MRS il propo

. i '\-i'\ll:-_;:
cve, B, be located bhepa
tvisual rays BA and BC b

f _'-'\._'\_-jl -I::Ii l:.H :':\.. '\.."'\..'..uli'\-'\-. [ |

it angte R = angle O
R = .I':!:'-. P, inzofar as it i an
Frrangle BCR), and sinee il ngde] O, thet
imon angle OB be adde: o angle (1], In
108 :I_.:.::I.'
| rav CK. For an
‘..|. .iI.-i Al

figure 3.9




s TIOS L

ATAC Ly
IEAT < CK, then it fol ar angle - E at [angle] B »
angle] . Hence; nothing pres gl T [ - an least equal

angle] O or less than i in which cas: | INCersec

s with proposifion i, 20 with this one, the 15sue ol ||!'!|||il.| refiecions 15 not
L"-.pll.l:: '.|:|.|r-.'x-.'-c. 1117 ||:|||='1||.':~1 Wwildes Ehe hCus :|||:x:' Ty eCied
Fily's Gl ANTCFSCCE L FIVEN GDjECI-PoInt [Nerchon: demonsiriies that the same

nt can yield at least owo im FE5 WIECT CELRIN ComaIrions

E‘{l.'|".'..li-:'q.‘; in both Hera's I...-.'.'-"_.'-.'P.': and Prolemy's I'JI.".'::-. these theorems

IO RS IALE :Il 11 III!!II.:'\IE; s A O |:|.'!I'|-\,,'|E il! 'H._'_'\IE': I|| CONCAYE ITHIFrFGrs
-:'-:'ui:-.' "':'.'.‘.'|i.-.' IC TO 53, Ther, il || |'-|-:-.'-!:'||| of Image |.|:||||.||:-:-|| .|||-:| IMage
location for these |:~.||I.-.|||-|| MIFrors 15 far MOre COMmpicx than it iz fior I!I.:.".I.'
il -|:i|c":l. il convex marrors. In faci 5 we shall now see, l.i'.'|::'::-.1:||5:L £
'\-'-."'il:'-'i.' |"'.|_-|-|'|:-._|_ |!|-i EWVE AN |.-| 15 :.-| with FESHCCT T E||-= r-,-.‘"l,-._; ng surtace '.||:'|-.'

T ¥ - 3 F F ¥ ¥
' N4 NiE [ B !I'I-\.' IIIIIII|!.: Of DEll OIS CNED AN COCUur 1n -\.'r'l|':,r|-\,, l

are treated in the Euclidean
MOST § ral case, which is

] . . Ta? L= I-.
| FEMPHRSITACRRY > O

Fa| | RO T TN 5

@l T LI TIE L1

center (ol curparnre!
Ler ACD

CETIETPOINT OF e

avs BA, BC, and BD strike th
formed at points A, 1, and © are cqu
red ravs BA, BC, and BD w

5 DI

ﬂi_l,ur:' 3.10

ber ACH
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rom B ber reflected eavs BC and BA sirpke .|:!--::-|x]3

- arc BL, ang, = angie 1. Az, since [angle] 1

ingle] M, i

i |: IMNLETSESCT AL

.

demonstration wil

I NE MeEmaining W CGises .III\.'-\.I"\I'-:'Il':I 1n ;11 :I'.l-\.'Zl-\.|I|I1 l.l.!'llq._-'_ '.I..;'I:_|I..;' _|||.\,'_|||l.'
: : .
cxamined in passage 3.5 above. According vo the conditions set f 1 there
. i
IIIIIII:I|:|-'.' IMAgEs will invariably be seen when chord AT, containing incident
Ay -"'l”. IS ElEher SOQUAR To Or SrCalcT than .._|;n|._'_ LK, cof LinNingE |||._:-.1q_'"'_ ray
BC, because in both cases the reflected rays Al and CZ will intersect at a single
jeCi-porinl It howoever, Al < CK e 1F the ditterence 15 Frear |_'|||||||_r_|:_ thi=
reflecred rays will not intersect, in which case multiple images cannot be seen.
. }
o ;

Whercas the Euclidean rearm I :.||:|-.' images 15 sketchy ar best,

= : : :

Prolemy devores constderable aention to the issue. Az might be expected,

I|i"' LNCARTTLETLE ""\-IE'\-“I! ”l“r'.'-\.”‘:“I.".:\.':'Iﬂ.":"\-:'-i. I MORe SyYSiemsiiic, |||'|'-\.II'-\.|:'|'_'_.||'|
) i

EXTENSIWE SSd- Iy L% .|||.|I'-\."h:'\-\.l:l! Imagse FOr i .-_q...q.l_'|||||:: IO % _||||;'\.'_:l\,,|::l.\_|‘:-::

1 A | 1
sitions of eye and object in relation o the reflecting surface. Accordingly, he

asserts in Opencs, 1V, 2 (p. 175), "iris |-:|-.~\.:|:-|-:' for one and the same visual ray

-

sometimes from all

poines on the mirror, sometimes from all poINEs on one of i1% Ereal circles,
SOMElmes Inom iIIIl:'l.' i,'":illl'\- SCAFTRCLANTIES ‘.n'-"'_ RN :||||l.'_ OF SOMETIMEE froerm

none [o illusorate Prolemy’s case-by-caze approach o the problem, we w

1 i [ - T

ook at a selection of IEPICSCNIANVE [hearcms, | he first and '\.|II||!|<;'\.: CaAse 15
vl | | et T [ R ' -'| * | - i

DINC WL WIRRCTY Wi ST & |.||||:||...' MEMSCIIGNE ¥ INE Cenferpolnt of the

concave mirmor  Frol ¥ it 1 this i Olprrer, [V, 3 3 (pp. 1 75-176G):

TEM T vee 53y thar re
surface of the mirror ocours as folloews
:R.'l "|I“-" ";:'I:R.' "'..5 e PICACL " LTL A CIFCEL il\. !|:;'.:l:: R L
[ i":'l-\.. CEMEEr 'H..l:l |: Hl:l il.\_ [41; RO ETE I :;i“ Aurmnr, Lt l}l--\.
nrer af sight and E the midpoine
'|'\.:I:'rl [REE NS Of I'|:; LA |i CONC INECT-
CLLE !EI-\.' SLITERCE | OF I:!. Comea
Al
W [ERNG i
I'hen, ler the tweos t AZ D and GHID
| I k] '\-'\-Ii !El.l-!.""!:'
| IFAFTOT I'.H
emanating from point [} o arc ABG figure 3.12
&I '.||-\.-\.I:|”'.|.L-\. N EEEMSERyes [ i'\-;.i:'.l
“‘ ".:h."\..-'n.i ENCY arg .Ii'\'||'-\.|": il ;':l_i Ty | -u_-::_ _|..\_||:.\_'_i||:_: i

which rays like DA, DB, and DG strike [as they an projected from the eye
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i § § 1
f and Sensed ACCOT

" . " L
SAME |:_|:'\.i|.\_|'_l\.|:.: || pairrs el the i r that = gensed By the baze of

visual cone. For if we assume that serlzce AD forms a cone wien oo 1z
rotated about axis BD, then what will appear in the whole surface of the
mirror will be the image of the cornea, and it will appear continuous upon
e entire suriace :u; _:'.;||_'.'h.:!|.|' K il:rll':.ll.'.!!lll.' 'lilll.”:f'llll.'i
surface and the normals thar are reflected back upon them from the mirror
i

. . 2 % %1 ..I .' - - - i
frCEr 4F 4 pOInt comman (o e all as well a5 to the :-:-I|-..r.r|.:_-.|r!.|.|....rl-.!

- F
1kS suriace 15 the onc that Sclines I||-.' ocartiens of the Imagc.

i i L 1 ["
I -.||.--_.:.||!::-: thiis mey ;_;_1-r-;_-_':;' [ De A reere r|_'|||_'.::k.|| of [heE |'.:.'.l. |I-:|¢.'.i.'! ¢|-.-m<-nx'.m

= % &7

tion in the firse part of pr positian :|'-.|:~*~.|!'.'.' 3.6] above, it is not. For one
il ing, Pr Jemy extends the analyviis bevond the great circle to the entire sur

face. For another, he is not content to represent the eye by a point bur, in-
hl;,_:..‘i_ |_ii|;|:-. 1% 3CCOUnE 0o thé Facr that the entire o< '.'.E.II !_:IIIII-C' 15 ||'I'|":|.."-".'“i.|. ."I'n'-
a result, we can infer that he understood the eye to be a true sphere at whose
[rEECISC -.;.'Illl.'fl-!-:nlni lie% the zource of '-|'\-:.'.=.| rZ-.:x. As F.'.r A% 1-I--'.'.:Il tensanon
iself is concerned, finally, Prolemy scems to have locared ir ar the corneal
surface, where the reblected rays “are a :l.i:I”:l.' .||l|'l|l.'||:.'||-:1-'.'l.| and sensed accord

ing to points E, Z, and H” on the cornea. It is thus plausible to suppose thar
Prolemy had smrpdfass in mind as the fundamental mechanism of visual senza-
on

The second category of an ilysis for Prolemy is defined by two conditions;

the eve and the object must both lie upon a diameter ol !|:!'-|:|I-:'!L' thar defines

the refle Eing surface, and they must lie on either side of the center of curva
ture. Accordingly, our first example is from Optics, 1V, 6-8 (pp. 176-177)
3. 8] [THEOREM IV.2] Reflection from [a single] circle on the circumber-
ence of such a mirmor generally takes place according o the following ex-
ample:
Leg circle ABGD [in i::.',l.:'-:: 1.13] be
drawn with diamerer BELY. Let tan poants
Z and H be marked upon BED on cach
side af o nLerpoint E; and ler BEL EH
Then, throuph point E, let diameter AEG
i'\-_|'\-\.-\. :.':||||:_'||:'.:||:.' Lh] «.E!;.II":-.':l'.'I ]HI s E =
nally, let lines ZA and AH be drawn
[hus, since ZE = EH, while line AE is
COTRITION, and since the .:':|'_Eq.- ar E are
{, angle ZAE ngle EAH. Hence,
nes AH and AF will be retlected ar oL 1l

figure 3.13

angles. Likewise, oo, a reflection ar equal
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Al point Ls.  MNow il we assumic ABG o

LWL CRECDOL, ArRd i W SLInpOseE [1hat

ut diameter BD, then points A and G certainly

i 1
P REL R BN Fays PREaCed [o that @ircle are rellects

ving thus analyzed the circumstances under which reflection rakes place

¥ 9 % - e kL Isveic v F ol
CIC OF TENE w-.i.-|::_!:_ Ty turns 1o the analyvsis of re '!.._._|_|-;;

. L ]
Fhe Modlownng '.-.'h.!llll-l'\.' % from

role ARGy ar poing L, and lex |

sebime o e phor i 1 "

figure 3.14

e MEN pass through point E parallel to line KL, and et it meet
line LH at M. Then let [normal] EL be joined, and cur off
| herctore, since ZH : KH = [£T : EH =] ZT : ET. then
Le, RH + LH| : KH = ZE [i.e., ZT + ET] : ET. while
ET = EH. By alternation, KH: EH = KZ: FE. Bur KH : EH = KL : EN |
nd KX : EZ = KL : EM. Thus, the ratio of lines EM 2nd EM o one 2nother
& one of identity; o they are equal Aareover, line LE is common, a
soth angles of the two wiangles [ELN and ELM] at E are
ingle KLE is righe. Hence, angles ELIN and ELM will
|::l'i'.':!‘:_-. then concludes his analysiz of the secand Category (1., the case in
which eye and object lie on the diamerer) with the following proof from Op

wic, 1Y, 22-25 (pp. 181-182):

3. 10] [ THEOREM 1V.9] Accord ngly, it will ke shown as that, if

HARATLCEC




IMEGESEGEE [OF

fipure 3 ZI~ and ler normals EL a

angles [ZLH and Z5H)| are bisected,

LH = XE : EH and £5: 5H = £E : EH, =0
har AL L = L5 5H, By alternanocn, £5
FL = SH : LH, but line 75 < line Z1
wrelore, line 5H < LH, which iz false

Prolemys third ca

object |

figure 3.15

Loand H
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that circle TDK, which passes through those owo point as well as I, cuts
both arcs AB and BG. Finally, let lings DVZL and DHM be drawn, and lex
LE lirst be supposed cqual 1o EH. We say, then, thar reflection ar equal
rween Z and H] rakes plice ar three poines: Le, at poant B, point
itk

ravs £B and BH, ZT and TH, and ZK and KH be the reflecting
ouples hen, and let normals T and KD be deawn. [ herefore, sinee £E

EH, and line EB iz common, while the angles ar B are nighe, angle BB

_||;E_i_' | HI" 20 [0, .||:'i E .l" 11y |Il: LYK, and 2 | AN
DEH. because arc DE = arc DH, and poins : T and K lie on the crcun

We sy, however, than n

{ i
-n points Loand Mon a

the angles at poin are B are
L0 and DA, there s a rellection |2t equal an

q
Ao

Lo and H [in figure 3.1
s LB and BM [such
will reflect from g
are I = arc DH
I INE B, since LL

Figure 3.17

| I;:".\,' relfECTHENS IS 1N T3S the maxumum Seat Can OoCur tnder '!!.' |-\.||'I'.I|::I:||'\-
of this second can oy Of ilysis. As the I-'||-.-'--|||.'_ | ISEARE ITOIT !-'I.".'.'-L-. 1V,
o { e 1 F . o 1

Ley 41 s amed 101 K ipp 1 85-188 and 203) illusoraes, in certain circum

SEAMCES O OF fewer .'-\.'ZII-\.'I LACREES WY I .'-\."\-III:




SECTION 11:

[32.12] [THEQREM IV.15] In onder

we oughn I

it cirele £1H does not e
than BM

HIEL -"l._ 1% 1n

prelong this discussion,

arc other ngl

: ;
throuph p the present
L1 =
i
the I

1 -I-\.'. LACHTES III o m 'i 1k TR IE [

fram poings B and K [in theorem V. 1
'.l\.':i |I:'. i

= il 3. 11. abowe OO &

places berween B and K
l

clude arc T1 brex [ '\J'\-i.-ll."':ll
will lie within cirdle DZEH.!
i il '\.l.|| ki .l |:|-:-.:r.|::||

NET rays re

ALSC 1
1 K
Ve pmag

' 1 » - 1 " l.
|II|. 4L flects At equal angles

[HEOREM IN1T
1en circle ZHID does not «
Land H. For

Mearly the
i'..::'-|'\-| s W

[ E
[

berween poine:
equal angles
Ler circle 20
EH
t 1= abwious from what we b

]

I '.!;l.'-\. 4.1
Lk

o 1 -|||§:!;.'-\. InGn puoin Furiserm

1 from arcs AL and GM

:':I':I"-\.-\.'IIE: 0§ .:'-\.!!-\.-\.!:.-:
berween Loand B or
If such a reflecrion is p
LH. Alver
Since angle ZMD
angle LMW T
..:':;_l-. [3TH
'™ iz common. Con

CNELIEE A |:-I|:_;|;'

.!||-..|.}Hf‘“-"|'!x-.:
DMH, insal

Bagr ar |'_'| e

anle

l||:.:|- HiN

[herebore, 1

y %
I i'l:|:|: .llll (4R Rh =t

or bevond it [glong line EAJ,

A5 GCHIRE % Wl ©X

1
1

CATOPTRICS

2

RERIR R

fi

a

%

NELTe
then

pagles

i
&
i

i

I pas

1 W .

F‘:Hll.ll_‘ _1.1 B

thing that we have shown also
ut circle ABL:, ana

- 1
Oe relilecriomn !.II\.:\.'\-\.:.':.I.\.:\.'

ST
W EDCEL | I|II.| RIS

Lalsl Dy L

circle ARG, and, for a stare, let

ore, it will be evident th

1T [NAL CNErE W

! :"i\ IMGASIFALSE A% |:-|!|:'.l\.-\.

|| 5 s pocier from I||-\. AT
lics berween B and M.

ler 1n '..i\.: il!l.l_ .:.-:Il‘l.":!'_ll: :.‘r.[ kM

awn, lines XN and NH will be joined

rasarc [0 = arc [IH, it follows that

L1 was [sup I e

ind THM are equiangulas

[ ICRAE BT

LT

ot
LT

!!!'. b 'r.ll.. 1
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HECGREM [IV.2E] Mow, let ABG [in figure 3,20
centerpoing [, let line Als be drawn, and ler DEB be dr pped per

L L RIs] L

% falze, because ane HGE s much large

”':l L et .i.

1 1.1 I I I
L LD O S CEELY AL 15 FOoCrodl I'i."ull:.l.'. .II'.' CenLer |:| CLIFYATIANE

nple is taken from o Mok, IV, 84-9G (pp. 199-201)

[3.13] [THEQREM IV.25] We mit
when the eenter af the

oot B
Let BE and BH be joined

ViR
L K
figure 3,21

vaz & I H, reflec 3t equal anplex, and let normal TIDE be deavsm, Theie

since lime B 1 bisccts anple Z1TH, then KH @ KA [H : TZ.!'® Bur

- [ 1 s ! I 1
CRISEORY O IMANYSES IS W lLEN :I!.' CANMT 101 WEEEL II LIRE % SN

the
the

d )
L ALE
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EH = KZ = TZ. Thus, angle TZH > angle THE, and 50 ang
BLH will be even-greater than angle BHE, which cannot possibly

Pt - £t g R e R P i

I'H do not

"..l.-i LD W

L 1 |

] ¢ construcied similar to the previous one
¢ lines ZDT and HDEK be drawn, bee line ZH by
..."'I:||| e linve 1M, et BEF
MDA, and CDL)

ot reklect trom point <

cflect along ZSH. Therefore, since angh
ZDM angte FLM, anele 517 fyel

|-|5.1'| inc $.232

SDH Hovwever inite Lol weas AT ]S | equal :_._|"|;:| I ¥siH
Iofe, Iriangics LIS and HDS well B ECJuLang

nere-

gular, with line D% common
lingly. line L1 = line [XH, 26 angle DZEH ngle ZHD. But angle

DZ1im atighe DEE. beciiae sidss CRarl B2 are sl adace the ws.

E in riangles CED and EZD, and line ED iz comm

triangle COH intenior angle ZHD = exterior anpgle DICE, which i

iy IMOTCOYCT, WE SRS

CIWEEN 3

i3 I BC ECS UL RRCCCHTIES SYVER MO ..
ht to be [ nEer than IYH. Also, line MH
than ZM, which is the shors

s

£ ol [ exierie
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nothing results that 15 cont
- ray-couple
il o explain
KIS SSSLME Tmat thie owo i'-:.':!'\- by .|":i "“'h |
we have claimed thar it 15 posible for reffection [ar equal angles] o occur
Moreover, assuming thar it is possible, let the two ray-couples [£5H and
LIH | be reflected an equal angles from those pwo podnts.

Accordingly, Z5: SH = ZM : MH, and ZN : NH = ZL : LH. But Z1
LH = ZM : MH, 50 ZM : NH = 25 : 5H. By alternation, £IN : #5 = NH ;
5H, bur MH > SH, because it 15 nearer (o centerpoint 3. Therebore, £
will b= muwch ||:|;;\_:_-:' than 5., which 15 [ TpOss ble, since 5 = M. insofar as

it 15 nesrer th 1)

Bur if we transpose M o point U and 5 1o a position between poants 5

and B, the are from which the reflection occurs s defined by the line joining:
T .\_'.L!'I.!|.- 1T AR :!'l. !:'|||;"':I:I|'|:'!'!: 1§ :l!!'l::__!l":. :'.'-'.-i'-:h!'l'- f....l!
H] aleng with the line that bisects the angle subtended by this hine [£H

vivd there i only one ray chat T al -l|.:_|-- RGN [ResE poinis

Although Prolemy has been ennic rreel by modern commentators for the cum
brousness of his -...~'.'-|.'-:.'--L.¢:' AP PIGL h to reflection from concave mirrors, we
should bear in mind char, l.““:l.".lll.':l ro Euclid’s exteaordinarily SpOLLY [ret-
ment, Ptolemy’s is truly remarkable for its comprehensiveness as well as its
structural integricy. Bear in mindg first, thar |:'||:|-:'|||_1. % analysis il:::.-.':-:!-. I
|:-:'||-:'-.'.|'.' Iogical sequence according (o the relative |l|..-.:'||'""' of object and
CYC W |I!'. |-."-|'-'.'-.I. [k} II!‘:I.'-.I.'IlI!-.': O CUrVanine. H:."'i."\..i':ix Cases of :;Iiax Zi:lll l.i;.|" o | 14 |
I,:!_'\l:||| l\.'k.'-:":l_'l:l::;,' | e ' ::IIEI.'ll .\.-'I'."lll'l_!:\. =11 :I!:\, CEnter ofF Curvaiure il'\.:\,ll.. _':
eve and object lie on a diameter af vanous points with respect to the center of
curvamrne; 3 -:':.'l.'.||||| object lic on a chord berween the center of curvature and
the surface of reflection: 4) y and obiect lie on 2 chord ||-.':.'|!||.| thie center of
curvature, Furthermore, each of these eases is differentiared ||_-, subcase ac
-.l'|-:||||_!-_ to the number of reflections thar can occur. Owerall, chen, Prolemy's
apnroach 1= 2z determinate 35 0 15 2ensik

L JirerLy - ;
I e Principles of Trage- Location

.'l'|.:|I=|II:!'_II :!Ii.' n."illl.l.-.lllé'_l;"u I'-\.'I.Il.l."'ll'llli"i I."':.'l'-'-".'l.'l' e angie 1 ::'U.III:'::-\. c

.|II;,! r:_-!'|:_'.._ri-.|:'. 15 '.Il;,' ITGSE ||_|r:|_|.||:|;_': || -\.‘L'I:-\,,"_'!: nant of i!l!.l.:_;,' EI:..-l_l-C'I:' '.Il:;r;,'
1 I 1

H L= I.|Ill\.'i.' alner rrrnCIpics !!'.'-'I'I'\':'l.!. II {

ipp. 131-=1325):

[3.14] The hirst of these principles states that objects seen in
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o Curvature

reflectio
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ﬂ_l.:.llll:j.:.s I".g-u-:.}..!-i

I B0
i = -
anm and I ICTCNEDN YErsiOns aOr i

For the Eucld SirsE i .-.-;::__:|:|,_..L !_h. g

o= | . re han [ i, : r
CICEANUY arpcuiared than oolemy s—we [urm oo proposition 10 of the Eu
e . X
o i F | . ]
SAEICE I|!.I|II:I i OF [ I.\.:I-'\-\. L EeDiIrres L " whierne

LEF 'rll.II!.' ENRANTLTS

wo b 115 , "
o LIS RN T CE I LT (ROINES A1

Lug y cli= 1 {n | I:' L 1851
ks AD and BG be
Then let AG be a
AH : HG. | zay.
locked, D is no longe
Let BH and HD be d:
g 10 the proporionality [of sides giver
triangles [HAD and HGB) are simi
e E = angle Z, il o [ will ap

figure 3.25
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V3 INCiEchE Upon & miffor

Finally, in the Euclidean Catopirics, the principles inderlying image-location
for spherical convex and spl al concave mirrors are provided in proposs
tions 17 and 18 pp 112

3.16] [PROPOSITIO Cueryelting thar fr seen in fepderical,

' wlrek o the cemifer

THFFOFE A SR ol
@ plye sodrere (L, B cemier of caore

Let ©D [in by 3.2 ! herical] convex mirror, B the eve, and

B} the visual ray rel «dl to the visible object A . Let & be the center of the

ere, ler [carthen wected, and ber visual ray BD be extended o

| hered woed From expenence that A 15 not wen
> extension of seraight line AC

I o :I.EI"\-\.! i IS

higure 3.26

PROPOSTTIOM
P freH .'I-.l.. v 4t § ] . M -_ o fhe pisihl PG P CEmteT l'-'_-‘.
nrpdinre)
sherical] concave 1
||!:'|-_:."|| |-_:|.|:-
1 A o E and extended.

it has been adduced | : tence that A is not seen to occupy point [
i WL IUEE e b seen i L] I ..":r:'!:l'l'\. ".l: It W ” ||.

viugal ray BL intersect: le., a

Ii' Che Case Of I!I.'II:-\.' .iIIII COIRVER FERRFTENES, .II: ol IIII.II:.-C"\- 5_;-:'.".;'r-|‘.:'-:| ale Wir

3 i

rual,” insofar as chey appear behind the mirror, where the intersection of the

cathems of reflection and the extension of the incaident rav must alwavs lie. In
.

;||:_' Case O CONCAYeE Mifhors, NOWEVET, !|||.' SLHIIANGN & COnSiderably more O00m-
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g ; 3

:!.'i'-:':'.-.lzug; an the relative position of the eve and object, the inter

--.'-I:-'-:.|i|..!-.|c'.|||:'~I.'.-L'||||.|‘!'_'.'. e (1) be indete the InCIdent ray
10 = ¥k F - i

ind cathetus will never meet); (2) lie behind the mirror (cre ILINE A virrul

T ] =
ror and the cenier of Sighe Lereating a real

LERRREEC 5
1) lie at the center of sight isell, or (3) lie beyond the center of sight.
» and 5 are diseussed by Pralemy in Opeees, [V 63-65 (pp. 192211
} ]

FTHEQREM 122

-.I.\'.IIIII..! |:| Wirh |:;.;:;'. :;ll Te=
Al -\..'||.i|.=ll_;;x..:.lll'_:

ITOHEE] PEIRRE I.]' :l | !I!':

be drawn equal o .E[H- Likcwise,
ram poant I, ket line IV] be drawn longer
IR, let line LhE be drawn shorter

} 1 .l'rH aned let H .|'r_.-I|..i 1 !'-!--\.:'.!:

the visible abjects. Final

lines drawn
crh :ﬂ..u.::m: I : -.". that Hgure 3,28
DH :: parallel vo EB, that INT intersects it behind the mirror, and thar DAL
intersects it behind the viewer.
Mow, since DH = BH, angle DBH, which is eq o anghe DBE, will be
ole BDH, Tl 3 angle DBE. and o line EB will be
c DH. Agaim, e BIXY] < angie LIBT,

IBE. Thus lines EB and DT intersect on the sid:

¢ |
bevond the mirror, since BE i abways retlected From
ple DBL

SR Ol

i e BEyGno
L "'-!!.I H!:' I"-\. | same token; il .I:'!'_il\. “.I:':"r > il

.\_ ::l“! | e Ikl s LTI

lies berween B and L.

Case 4, in which the image-point lies at the center of sight, occurs when line

EZ coincides with cathetus DE. which therefore intersects incident ray EB at
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point E. Case 3, in which the image-point lies berween the center of sight and
the mirror, occurs when line EZ lies beyond cathetus DZ, which therefore
nrersects incident ray EB berween E and B,

*recisely what is seen in the various cases described above? Prolemy ad
dresses this UESTLOTN in |".|_.-_._-'.-:-_ I, G970 Lpp [ L Y

[3.18] Bucif . . . . their

SO0, I:'!.':! 'i":l 'H.!:__ 1 !.n:;'. i

mirror. [ he same

inrersect i such ; hat the mage : s at the center

l.'..||| n :i.l_' oA Of ar

preserve their proper disposition, bor il appear behind the mirtor, When,

however, the distances [of such intersection points| become inordinate, ©
are always poroe teally] shorrened.

|5I ~||'\.:||i~'ll.'-'\-':'ii.'ll illl\. ||--.:!! R INEETrsEeC O | I_"H.i'l_"i- ;||.\, YL |||.\, 8 |-\.\,|'.|._-
ahject is not seen behind dhe ewpaint, for such a perception is impossible
H..I:lll.l. 18 .Ii.';"'..'.ll'\- in front of I:'l-q,':||;'|||'_ o oy |':_|||:_::'| |:'|: ITiRression arm

n e sense does not render the ims: e 1N IS proper place bt ers if [0

. i
4 EDCELPON TNAL 15 MoT 115 oW, st 2t we nave already e g
i . 1 I 5
Lo, wiluid I'l 15 IGL pPRapeny Aspnad, fehders the '.'_1_||_:

But when the locari

CHDOCTE Wilbges | Pt are farmee
1 1 R 1 i L
md the eye and the mirror app 1 the mirnor, while those whaose
Lot |
ImMages are onmed behind the oy

I‘ I'i.'rl."l-'-i.' II.I'-\'.'.-\.l.ll"lln.lll.'\.ZI:lr! ZII.II 15 Z'll:-[!'| L e i_|q, il __:'\;|,':

I
lights ver 15 Forced upon Frolemy by hi theoretical model. Wh he .
E b Cod upon Frolcmy Oy s theoretical model, When the inter-

SSCCIOR-oInt Of rIl'i.' INCIACAT FAY :III-CI -'II-;,' \,.i[ll-.,'{ll'. 1% INCCIErmiifiate or E|_-\. qr

the center of -.|:::_||I. Nothing 1s in fact seen, Monetheless, while reco:

1 ]
a_!!1I|'!II!_

that I'|-:l'.|:!||5 aPOETFS T be seen in these cases. Frolemy it compelled o posit
| .
e 'y i "
some sort of image. Why? Because at the very heart of his visual theory lies
the SUppERAIENON thar, whenever a visual ray touches a visible object, the object

will be seen. Inall the above cases, the reflected ray BTHZ rouches the ob

115

1 I i g
JECE |‘--=I|I'|I*-. 0 [hose PORINES must all somehow e seen [ account for the

"'_u"".l'-'l"-l'-"-l'-'l'!'!" of |||"i"'\-||"=|||i'-' 1IN CCITAIN CRses, 'l::':'l_ I:‘ll:l'_':“', SUgresis a 'I.'_|||-.i'\;. 15 -

tion of the image by the visual faculty toward the mirror's surface. Coalescing

with thar surface in cases 1 and 4, the Image takes on its color and thus by

COmes i||||i.'k|::15:,|||~'i'|.-.|'-|'.' from 1. In shore, it becomes 2 tree !:!n:-.: ige. In
L = 0, II-:I'-'.-i".":'u'. Line illl.l:;:..:' 15 rr.:.:':xl,'-u-.-."J NG (O l:II!' et I_|:'|:\:I SUEFLR0E | -\.-_'II‘ |:|||
to a point berween thar surface and the center of t =0 that the image cre

ated It‘-:-' the visual r.=.l.l||I:.' is “real” |:'||:-|;_'||'|1.' concludes in -"j!_r-_'_-. r IV,

{

: ; A e y ;
(pp. 194-195) with an empirical corroboration of his peometrical analysis
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[3.19] [EXPERIMENT IV.1] But we can examine the

i g § g .
tsn that we have discusscd, cadh 10 (e

ribbed carlier. Az before
nes BB a

{ .\.I.II &l

ci Petween B and H appears

1 1
WhETCAS WL EY e !:q_"'\. B LW

Eand T

il QSO nSTrarion 15 i shows that Prolemy
1L AR &6 |-i:'\-."'- | ':':-C'll (4114 .iI |:III'\-II\.E|."

0 L III'\.IZ VT NALE

ECTEON OF ONe Thal GCours an | Iy FACE S0, Winee
gcrion lies beyond the eye, one - that 15 more

CInee
. . 1 B I
£ AISEINCE .:-_'l,';,||-\.||||;: O oW [@r De '.'.|I|-\.| e Ve RIS INEErsECi |||_"h._

- I s
I M, however, ZIZ.II the fact that no (AR ELLE e R | !'-\.' SCCM 1M CErtaLn

-] | ]
|||||'-:l“:|'|-.' (] | Il'|.':' B0 NMIE WAS xl"'!lli\.'l.'”l\.'l\.- [in

SEAMCes wWas b
] - I - - . 1 - .
idduce the counter-fact of o account for the ag lack of

visible

rrors constimnes 4 distortion of sorts,

r than the one it acrually
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oy = - 3
l'l\.-\.|I|=I . SUCh l\.:!'l'l.!l\. CITEEL LIRS E CRes 'IIII.|.|I I AMGMaly:. insaGiar as
. r ol = 1 | . i }
there s a difference berween apparent and real location Uhis tundameneal
-l”li-':'uil'u' S SUcct [0 "\-I.'i.l.'i: S H TR LT .|-\.'.I:|'.!||:"::.

. | + e || ||
L4 Ly DCInE I:.- 5C % |r|-‘:|.'-:; n 'r"-.III:. IMIFFOrS And most var:

I s - q -
FERACTERS: ! KEWISE, S1LEE ..":l_'.'\-\.".il"';_ CISTOTTIDN COnStuie DRt anoma

WAry with the shape of the retlecting surface. and [0 S0MMe EXIent,

.|||:l|||.|.:|.--.'-."||||.|3:_-.' reversal and image-inversion. Imape-distortion thus rar

LEE .1|III|>|-C"H.I!'.' .|.!.I:.'!.Ii||:;:l ] I!I-\.' ;'\l.' _::I-\.'\-\.'\-I-\.l:'| |l: MIFTGrs |;:|||| II" |E|:.'\.':.l"_
convex, to concave. Ovir study in this section will follow thar arder of «
|!|-:"-.I!'-. STArtIng W ith |'-| NS MRS, MOVINE [0 CONvex mirrors,

ing with concave mirrors

Mane mirrors: the batic anomalies of image-formarion in plane mirfors are

LS I A -\.q,'\.::'_q_".l.||_|: LAY |.-'-|II:|II 1 DWW 5_""::': NGNS ol |.|I-\.' I LICARERETSLTT

g : P U L e
Propositicn PP JOR-300), addresses imaee-inversion Alone th
I k

p-dlown sense ), wherss proposition 19 (pp. 314
eif revertal as wie ” 1% '..'..':I:|| | el ' .II:-E .\_E;||___- 1 1FRENFL i"-;_l'
abject and im Tis
[3.20] [PROPOSITION
i pridede-donm

Let AE [in

figure 3.30

On the other hand

] i llil\.i ].:' LY ) il
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tivelyl. IF, as before, the [incident] rays are extended [ina straigh line] o T
and K, point E, which is lower [on the object], will appear at T, which 15
higher [on the image], whereas &£, which iz higher |on the objeet], will ap-

an h. 'H.il:l g .x::--.'..-;r (a0 §] I|'|I A

PEOYPOSET LEIN 1590 fm l,"::..'.'h- mirFers Fivteerrd obects A pear Lrfrersrrd
bereas leftiard obfects appear rightard, the fmage & the wame size ar the
| . iihig Al ifs ¢ ¥ I y
STEFEE ebfect. aRd e distdace fof 1he trva) from e mirror o £fhial
| L4 | A 10 ill:;l:!:; 1,31 |:| i il ATEE MY IT T -::'I-\.E +] I|'|-\. EVE | T | '.|'\.I|.|| Iays
BA and BC be reflected to E and I, Let EDY be the abject thar 15 viewed, let

B,

figure 3.31

perpendiculars EL and [XT be dropped brom E and LY to the mirror, and let
them be exrended :|u,:.':-!'|-.| Aleo, ler rays RC and BA be extended and =t

|.':. ITH ANLETsCCl r:'l.' P I;.:-\. I'll\.I:l\. .:I.II'\- Al ['\:. .I:!::. I. I CE :II": :."'H. I.Ii.-'-'-'il. ':'il'.'r-.'i-.:lr

|. |||'_::.;:-\..|! H_'H.::I - [}.|'.'\-I'l_'.l:'h ar L.for |;I:'H.!I.I'i.||!;.'.'ln.|'| .:';_'I"': |_‘||. !:lllll'\-\.r!.:_[c-:i

I Prapositien 1y, passape 3.10 above], Hence, the lefpaand parts appear

rightward, and the righoward lefoward. Moreover, since angle KCE = [angle]

ZCE, and since the angles at Z are night by construction, ZK = ZE, Conse-
quently. the distance of ED from the mirror is equal o the distance of image
H[ ITOIm I||-;,' Al lda] .=':||.||E:._ I|'||_' ||||_|_'-_"_ 1) r|'|.|| 1§ &580N 15 :l'.l_' LN SIES A4S
its image KL, because EZ = ZK. DT = TL, and TZ iz common and perpen-

dicukar.

tion is subject to distortion (i.e., letr-to-right in the trontal plane and top-to-
bortom in the plane of the normal), its relative distance and size are not. But
wihar abour '-.||:||:-:': |:'|-:-|!'||1:l.' addresses this UESTION 1§ lf'-i:.":I.'u's. I1l, 82-86 |:|';-|'|_

157-15%):

[3.21] [THEOREM 1II1.7] In planc mirrors, the image of 2 magnimude
AP PCLTS Eii |||'\.'|_' I||-;,' SAITHE I\."|||,||_' =11 r:';.l |":'.'|!_;||.I::.|:":|' '\.'..':-Ilil‘l If BE WeEre [ |.|_'
where the visual ravs would sinke unreflecred.

Ler ABGD [in figure 3.32] be a right-angled parallelogram, ket its sides
be bisected at paints E, &, H, and T, and let the two lines EKH and ZKT be
drawn berween them. Let owo cireular arcs be drawn through poine £ such

thar ane of them, LZM, has its convex tace toward the mirror and the re
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fignare 3.32

= the other, NS, 15 identical bae has is concave Faoe rowand
b in sucha way that KZ is perpendicular o

Il\.'= !il:l\.' IHI‘I I.l\. 210

visual ray pr ceed -!-:l:;: EL in the

the visthhle o ock

et the rwo lines AE and GH be extended o that lines BEOQ and HI

nes EL and HM [respectively], and let lines EQ and HR be
lines EN and HS [respectively]. |

¥ 100 evident that

oSty determined

d SIERITINE :l!":l .|E||. Alls, Mear -_-.,i'\; i ;i'l_' il

appear along FTO, while the image of concave arc 5EN will appear along
QTR =2

: e A l[. L 'H.Ir.:l:_!i'll ESCARKEE JImES I‘i Kl Tiald |:|i| anc £oil |!_ _||:|,I ;,l_
LT -\.:I.::."\- oI I ||'|
Ilil\. :l'R.'|'-|'\-'\l=|lu'.|;II||'.I_.':i + 'II'-l"'\-':Hl. I .Iill\.i I 15 l\.l=!":'|'-\.':l\..'h‘||'.|.:: |

g x ! Iz
!:.I'\.'\-\.!';:..!:!: R | :.!.'\-{J_ I', and I'q.:'i- T+ 1y !!|.\_ S0 |

i reach ©F and F are prop racely longer th

L
_whereas with respect to ray [KZET] that reaches T, th
lwr <}
Lils I..'!.'\- L0 WELICH VESRIE] VS arg -\.”II;_":I";.'I_I_ WikETN
of oblique to orthogonal rays is grearer [than i is bor a straight lin

FAce=to=I3

= i"'.."\.lll\.-\.li'\.'l. I:!-\. I":!;’!..-'\-l '!l.l;m..ll::-\.i:\,'\- '-\..I

this same ratio is smaller [chan in is Eor a steaight Line
rear concave. Line Al'G wall therchore be convex when it

coincide with OOTF, whereas it will be concave s

with TR, 5o line ATG [ieself] is seraigl

L E i comvex and line 'i!”'t:'\..:l".,_r.;'_

. T T
LMsrortion with |-."-|:-L'q.l [0 :|||.|é:_:'-!:l..|I|-.:-.':_ finally, s rrl..li:.-| |:1 Frolemy in

Oprics, 111, 91-95 (pp. 159-161)
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he wisible object. Let
les DAE and DBZ
L C AL I:l =

+ poings E and

h F
e continucd

t the two pe

..‘l.H-Il--": I
R [ :\."\.i II-'i 1! 1
L HBINE bl ar

Now, let
DK |emanating) from poan
My b extended uncil | )
=3I H!':E!!'I Al | ¥ 1M

L, and this shift taloes the
y from £ roward K
nstance, If we assume that B and

TR EET

fade, Ior A

MIFNGEE 1S A5 51

1 I ¥
'..:II'. related in erms Oof Oreentaron anc

Akl '\-II'\-:.III-I\.' FEMEELN LINETed ::-\.I
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Convex mirrors: If 15 w:ih CONMYEX MIrTors thal we ensounte
|

5
distortion—distortnon, thar is, o shape, size. and distance ra
relative orientation and location, which are

\..il I Chie Sme wWay as they are Ty} II iME Mireo

PEan _|||-\.| [GE-I0 I TEiTh ENg PRarne ol I!|:'

reversal in the plane of the :'.l'l.'III.ll 15 -\.I-_ I||I ik :|| In exrremely cursory I ||:|.|||

v Euclid, 1n |'|r|'\-|'-:|-\.__ an & of the Catepir ¥ LH, l.-.||_-:;. the Durden of
|'-|-.--'-.' IS Rdicl upaon |:||-'r'\-:|-::::||| L passape ZU above), T, SN IE ENas !«; 4 [ ]
LN 1 F f _ 1
cstablished thar the visual ravs reflecred ¢ the top and bomom of a given
altitude do not intersect (passa 3.4 above), the rest follows as [ic does] &
plane mirrors,
de o the le verel af ymape rs. Fuclid addreces
£ 0o the I L reviersal of images 1n convex mirrors, Euclid addresges

this issue in the hirse part of proposition AU of the Cattaprrece (pp. 316-3 1 8):

23] [PROPOSITION 20] 5y

the object that
ta L) 1404 |
.l'rH M |EI.|-\.'.!.

LG LIS BCEE

I'he problem of image-reversal | al |'|.::'.- s treated by Prolemv in
1 more comprehensive way, il 1 the following theorem, which

comes trom Crorees, 111, 127

[3-24 HEGREM I11

on the samc side as the
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106

given direction, their in

=T .".H{- in |I:_'

av-couples EAL a
18 cojiial angics (o ines 1S and DVH be
. 1Al NS | 1488 I"a

||‘|- e CXLETHICS

LTl |

Let H be moved ard L, and let ray-couple Bl be reflected o i ar
| [ RIMIE (] n s thar hine B -\.'h!.l_' ;,'l\.ll'l"..-\.'

eduaad angles.  1inen e
nipoted o M,

incl this Eollows necessar

nersecis 15 ar M | e image il

15 franspe sed to the same side as the object aesclt; 2

i i q 1 i
13 ATO The reasors (Gl Wi g 10 ol dasCUssion of N Imagc SOom in @lan

Wi pEdcE DHOEnis

L= H

en points K and M. which
1d th

HLCs DecrvWoon e wWill appe

INE ¥ ::||. al The &y

(48] E]
LS DT 'l‘-'l.! n A8 AR eyl (ial I3scs us
| — B
he lefr, and wha

WAL EIES

1 I 1 —_— .- i T F . . . . -
1 judeed o be right according o what is usual, as we

lies to :ln. ||.!! '.l

have already said, in the case of Bacing objects

s with the problem of imare-reversal in the frontal plane, so with the prob
L':':': af distance -\.II'\-::! receiy, Biiclicd® ereatin i [heé :‘\-:'l\.l"'lll! iFL ol PrO s

- n I | | [}
ton 20 of the rrice 15 relanively primitive. Prolemy, on the other hand,
provides a Fairly -.:lI|'|i:|-.".-:' analysis of the |:-|-l|1|'.':|'| i LApdncs, 1L, 110116 PP

165=100):

25 [THEOREM I11.12] In convex mirmoars, the distance of the

abject from the eye, as well ; T
mirror's surbace, is greater than che dis
[anc rom Ethe
TR
Let ABGI [in figure 3.36] be the
arc ol a cirele lying on a conves mirror
r he ag E, the oye ar
cobvect at H. Let
le ZBH be reflect
1o the visible object
cx EB and EH be joinc
l'.l.l.l.'lll.':_|'_.'|. the F.EHF{L 3.36
WL 'H..I:l I!l:;l. foer . LIRAR I = H.l": Tl HH
GH ik longer than GT

Trad af noing How lie ar 1

- 1 Eogether] are longer than line ZBT, and that
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1e KBL be deawn tangent to the circle at point B. Since angle ABZ

-Il'l;..|: [¥BH, and [horm ang ¢ AHK i'.ll.'ll: angle DBL. it follows thar

e EBY, which .'||.:.-:|-. .|:'.-'|-. [ BT, s equal 1o .||_:i-.- LBH. Bui ,|-:|:_:._ LET

15 ACLE :ll\."\. ause angle EBL i right, and angle BLH > angle BET. Therefore

line BH = line BT. With line 28 raken as common, lines ZB and BH [taken
| -|'_-.:i|-.r '.'..l. 1 !ll!'!'_:'! Ii;||| ||: :;:.l"ﬁ [

Moreover, since BH : BT = LH : LT,?? line LH > line IT. GH therefore

sunpasses line GT by an even EITILCT IMArgZIn

Lin the b of whar we have said, ic will also be exsily demonstrared
o | kA i = ' r
AL, 1IN [EE WILN LW | awady |Il|:!II!I. MIFrer & ssirface| or

abjects that lic larther o an otiers | fnom phar surface], the i Image .!:'xl‘.|.'r.'::;:
away, and its distance |behind che mirmor] appears grearer.

'I'-I-\--\--TIIH:!:::I'. line BH be exrended o ‘I-j. and les line EM be i|:|;'|_'|_|_
|.|Il.l'| |-_: AENE :"'H | ] '.":--\.lh.l: :'! I|!!I:| IC Mccls | nc E:'\‘[ Ak FI-_!i!'_r "'-.,

If. then, we assume thar H is disting from M and char M i Brther away
frem the mirror s surface !|-.|:'. H, then M, which is the imape of M, will
certainly lie Farther away from at & than T, which is the image of H

Moreover, i we assume that BITHE II'\. : with M bur thar is disrance in

1 1
CITASESE 35 B SRCT1 BES IEMEEE Wkl .II'\-." DECHME Maare

TEIMIOE, SIRCE |

Mext comes the issue of size-distortion, with which Euclid deals in proposi

tion 21 ->r the [ |.”-:-'-.'P' v, where his |||-.:-||| 1% ||||_||ru_r -;l._.': ML |||||- as it does, on
-||-:l'|-.|r|!_, that the IMage n a ::thf.-.. CONYEX MIrnar ‘-M” be smaller than the
HITELEE I & -.-.:-:l-:'x|*-:l||-:||||-.' plane mirror, this latmer EITgEe ||.:'_'_-'|3,:_ the same size as
the objecr. As s evident in the I|||.-::-'.'.||1-=' excerpt from |"_.'_I."-.'j... HE 117=120
{pp. 166-167),

dll'\.'i. [ Wi

S
tolemy approaches the |:r-::-|:-|:,':1': of size-distortion in a more

[3.20] [THEOREM I11.13] In conwvex mirrors, when objects are situated in
the way we specified tor plane mirrors (where the lines joining the endpaints
:l":l.' Il-"'ll.'-\.! |il. lace-00n (o the MINroE lll-\.' Frage _|!'\-||.L_|r-\. -\.r|'._|i!:-r :i'\;_'||'. |;|;_-

s [would appear] if they

where the image lics,

DETEATIEN AN \ii'\.-

tance, and were viowed without reflection
Ler ABG fin '-:!-'..:"""' 3 j'- il:; |i|;_'_||-_ k]

a circle an a convex mircar, whose cencer
i5 D, and let E |:|_- ihe eye |l." mormal

ERD ||._ ||'-.:-|1' et ZH be

I| 1 lin ing: the *.'||-.I|1-l:||:- af the vis
i Ic |l|| ect, and :I ¢ the '.I-\.I!'\l!.;lll:;l_'q_! :"_"H.-'
-:i«:.:-'-l.'-.l et line EBIY higects line ZH ar
rigghit angles, as 1s the case for a facing ob

figure 3.37

ect. Ler the two ray -\.-\.'ll!!EI"-\. EAF |I|.L| Fla :l;,'|||||.|:||'_!_-l Froam point I |;-_-
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refl R Al A .=I|:_:!-\.'\- o . .|!":|| I |5 -\.i":l YCly | &, :-_: N ["u'l:.l'__“:-_i

[DH be drawn, an I nded uncil they meet lines HD

> O LEE

|:.'IE:-\.!'!: g IR 1) ol M - he ©ye, Irom cilliser ol |:';'_'
paints £ or H is the same because of their similar disposivion, then the
inples creared by reflection vo those points will be equal. Also, the distances
nts | and | _'-\.'.!'!.l'l |!|_ On [N IMEpe [aEr 15 S0Ch in e ||'i|'.'\-|_ l.l.||| '_::'
Sean
ad will angles TEK and KEL, 20
yual and equangular. But the angles ar K

s line EH, ¢ ansequently, L @ L = £H

ne DH > line DL, 5o line ZH = line TL.A

ine WL were transposed o the location of line TL, and if the cye

ile with is that of shape-distortion. As usual, Euclid’s
treatment (in proposition 23 of the Carepirics, pp. 324-326) is both sketchy
ind incomplete, covering only the basic distortion of plane higures by convex
mirrors, Prolemy, on the other hand, rakes a more comprehensive approach

s

in Crores, I0E, 12 26 ipp. 1G7-170]):

3,27 | HECYHEM 14 In convex murpors, facing str: II :!!'-l."\-\..li"'l'll LT

Live CASC Of CIrcuLiar arcs, OweYer, [NOEe WiiDES COnYex CUrvarure

e }

£ rellecre

WEX, WILCITAS Thns

WHOSE DORNCAYT CUrVATLUNG IOCs e

TUETOF SOINCTHMiES i.i'l'_'. AL DAY,

he are of a circle lying on a con-

vex mirmon, whose cenreris D, and
. ==

Let normal EBD

nd let two equal arcs BA
nd Bils be marked off on either
side of B. Let the rwo rayece WpHEes
EAZ and EGH |emanarting] from
I at E be reflected at equal

fi - 3,38
ints A and G e tgure 3.




AECTION III: CATOPTRICS

spectively]. Let owo lines be dr anpent o il rele ar poine B 2nd let
onc of them, TBE, be o ither 3 cireailar ar
its comvex curvarure Bcing th L F] I

D, KD, Z1, and HD be drawn to ine cnsions of

ind EG at points L, M, N, and § [respectively]. / rdingly, the

'h‘-l!ll

.. -.‘-I: .:'! BS OiNE &1 I " iy |I I.n, =11 |

Ti080bi T ! . -
AELRITRC, LEIC Age [kl

7. which is one endpoint of the convex line, will lie at N, whereas ol

g
of H [the otk
E:. 1% l.:':..'.'l.|.l.'l. S IEEN ¥ ! PINENIS | SO I |!-'.-. -|i
appear ar B, since ¢ here the mirrors surlace and the visual ray inter
wocl. However, the ¢ arc ARG lics towa ye ar B, and th
images ol SR MECIVEs COmMpPrisc a
l'_:l\.'li':..'-\.-l 3 LML ¥ : '.l,.'i|:'|-\.\,';.\,-\..\_|:|!-
ts L, B, and M and points 5, B, and M a5 convex, since they are
ly curved than arc ABG. Sull, arc SBN will be more s arply
y LB Since the ahjects ke

1 | i 1
Ne e, And sinde the o

m [the endpoins of | the dis
o the normal [in the case of the in
'.'.I:l_! EE G
. B, and M. which de hirees theE i
By the same token, the line passing «

defines the image of convex line ZBH, v
THECRE]
d as follows how
CAVE O 'Eq....: F [TEL
SLIMNES A :
Imies 5 ;
Let ARG |
whinse center 15 1, ber t
the normal be EBD, Lex

'il.l'.'.ll trom poings A and G so thar VL LIRS g

pendicular BE (ar £ Let ewo equal arcs FH
and £T be marked off on cach -.;._i_-...| Z.andl
the rwo ray-couples EKH and ELET

int B be retleored Jueal
and T. Let DT and DH be draven, and les
intersect the extengions of lines EK and EL a
poants M and M. Thus, H will be seen ar M,
and 1 ar N, whale poEnis A and G will be

1 Lok
'-"-'!u.!l LISy ATk KE.

[Depending on how sharply curved concawe :
are AZG 15, 1L IS |'|I"'\--\.E 5 ropeimes 6 oand N |||.;urc .33

sometimes to e between arc ARG (which s an are on the mirrar) ar
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nis A and ctimes i lie on that straizhe line

isell, and somenmes o lic betwaeen that straight line and I (which is the
L ; el

-:'-||-.|-.--.-.':|::.'. kL L ._I.._ 1 :||-! WhEh M Ol thizs kind lie on one

IMNE, And il.':':l'\-\. "'.1 e [ I:l_ I Wit I I AL = 2LFAl i[ |..\,I Jp]

» A and G, then the ey al E will see the
tif points M and N lic on thar s

the image will appear straight, whereas if the image is larther removed fr
that stexighe line], it will appear co This will be obyvious

1 3 COMEITLUCT il !|| NaEe 4n i IWEC Tl !l
iue and mormal ravs
':.:(:111-: HVE ::nirrnr'\-: :"""-::I: x||r|'|i-\.|:'|-_;|'.'. |..'.I.'
1 I i . . 1
* MMIrrors, wihich .|:';l.'::|.!-'.-;l-:-|: the relative locations of the ¢ v, the Ohject,

1.l 1 . : F
amndl Che ors surface, makes image-distortion cor :L"-|:-:-:|-:‘.|||:;|-. wvariahle and

I [
l\.l'IIII.'lli."\.. "l' 45! |.|Il!' case ol "'\-I"'II'.'IIIL .II COMNYCX MUrnars, S0 1N tnis Gne, .-\.i'ii:lllr-i'lll

-.’;h:.lll.-.'..::.'l:*.llf.':‘.: sty and apparent 'H-i:.ll.'i.' e all subject to distorion. How
ever, in the case of spherical concave mirrors, the type of distortion depends
tirst, upon whether the image 15 “virtual” (i.e., lies behind the mirrors surtace)
(e lies berween the ey and the mirror's surface)d. Also., de ;::;||.|i||_!;_
e rype of i , there can be image-inversion.
T 14 -.1-:'.:|- '-'-Ill: :!:l. BAUES ol -:‘|n.:.|||-. - .|||:| hln.'--:‘ln!llll.'-:-ll. as well asz
IMAge-INVErsion, in the sec [ wition 28 of the o aptrics (pp.

334-336):

5 [ZA
1 U di=tani from
it B and € are scen [in the mirmos
i Il & ;_L .|;-i|.\,.;:-\.i_'|!'\.'.
=] ::-\.:I.: 5 ||-\.
whard, that

arper |than ir shou

Troam
shaubd
MNow, lex BA be a reflected ray, ler ZB and ZC be extended, 2
XL '\.-\. "-:'..I:ll AL E:='.: ';:. 10 ."-:..I | E'I '|"\.|:\.|I ar N, B> ]'i."L an
BAE = BEA. But angle BAE = angle CAZ, 50 angle CAL = ar
Hence, i L8 and CA are extended, they will intersect.™ Let them intersect
at PP, B thie samse I:|I:I n, BA and H-l:"\.'.:l ntersec at 1 | herehon _l: il | i-:;
I';and B ar PP, and what lies on the right appears o the left, 2nd wi

|.=I'|.I.'I JUE R g Ii" d “[ |.ll' R.-!-."u' Arc

-cl,'!'\l;,.lh E"::'._:\.l_! <. MOTe |!:'\-\.I.|"I EFEm |.\,
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!
el [NE ¥

Ll e i

rephg=nand s appears ngh

ward,

§o.i
and the
'\-!II.II CI

:!:l_ 1ace

i ler AZD be
i ficular 1o the diamerer as well a5 o
BC so chat BA = AC. Ler [visual ray] BD be
eHecred vo O lex BEK and CFE be extended

iz seen at K, and ( ar
nd sicle appears to the rgh, ol
||- !|| SIERE Cik BN H | .:":-:'l_ ]'H Al
'\-"I-lEl.: L iil-\. Iace |:5':. = .I!":l! :i":l. 10 EE A I T e Bl ||:-_i |i:_

45
| [ gu rrace

AL e g 1 !'l:-' MW EXDECT |'Il:|:.'|'|'|"- £ Ireiimenms af LIGEEe -.!l-!::ll.:'-:: 111

COncave mirrors 15 far more sysrematic and extensive than Evclids. Accord
he deals with each oype of distortion in its turn, beginning with

analysis of distance-variaton for POINT-IMEes | e I.l|5--'.'.|||5_' passape from
Clotree IV, 109-119 PP 205-207) deals with owo cazes: the first ins
images that appear behind the mirror's surface (i.e., "virtual™ images)

ond involving images thar appear berween the mirror’s surface and the ¢

(e, “real” imapes

[3.29] [THEOREM IV.30
s : - ;

image lics behind the mirror, the distance
| ray-couple] will be smaller than tha

if the visual rzdianion Wl

sind the mirror

Z be the eve,
object 1o which ray
rellected at
catherns| BEHG |
Bfa
Fare, the rmags

: F:Hlln.' S
I'. Wesay then, that B+« BH < £T,
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EB be drawn, and le line KBL be drawn tangent 1o the
Theretore, [curvilinear] angle AR: curvilineas angl:
ingle ABK = [hom| angle G =0 that the whole ,|-:i-_:.,-
ERY. which 15 el |:|.|:.!__I. I Bl i5 exual |n,||,;:|._ LBH. MNaw m.::; RLH
s acute, since angle LBE is righet. Therefore, angle BLH < angle J:l[.']' And
Fwe posit angte BLM = angle BLH, then, sinee angles MBL and LBH in
trnangies MBL and LBH are equal, while side BL is ,,.:||||::|-:-||_ it bl lowers char
MB = BH. Consequently, BH < BT. And if s 1, then
LB BH < LB1
Moreover, since LH : LT = BH : BT, while BH < BT, then LH < LT, and
L H wall be much smaller than GT

O | I ¥r 1
ADEISME, 1T 15 evieent that, ol the distance et

1
!!-l!l:'.'\-l:.ll'r-': NS 5N ST

:l\. l':'i-\.'.:'\- .III\.E ST VICWENEINRD INCIEASES, OF 1F [ihak -;ii-\.l_,“'_”_' 1% Jrrcaler,
then the disrance between the im ] and the eye INCICASCeS, Or thar II:'H.l.-I.i.\.;.'
Y '| :'-.';:.'-. LCT |--: Bf e EXL :'|': B o5 .||:-_i CONUIMmAE :-__|:i:-_':;:-\.' ]'_.\,""; '_||'|'_:: Il
meets the prolongation of ZBT at point N, then the image of 5 will lie ar
poing M, and 50 BS + BN = BH + B

. oy e 3 :
| | |' "l':.l'.l-l | B ¥ R | |! LELE LITERprE I||.II .:Ir:;': AfE 1N CECAYE MIrrors |I-\.--
veen the eye and the mirror, the distance of the visible object fram
i i i i 1ot 1
AR LAE MefeCiedl ray |l|.!|'\l!-\. Wl e
[Er than e distancs of it image |along

i1 y
+ VRIS &S, LIRS 1TEE

t ARGy [in Eepur
rcle inscribed in 2 concaw
centenpoine B, and ler normal DB be drawn figure 3.43
!_-_: E'.'I':i ! e :i":l. |:n...:!:-i &L [y COUpEe ]'H'.l':

ananng from point E be reflecred at equal anghes. Then, let [catherus]

IH be drawn LIHERS pOint Ly _.:-.l!.‘:-.:.l.'i cudar to BIY, and ler the two

I'l
catheti KINE and LDM intersect one another at corresponding angles

If, therebore, w !"! LC | mEagn tude] L1TM ar the los .I..Ell:I |i|.|.: :u.;!'---.':'.'-:'ul.
then, according to ;'-.'.::.:i'-i-. s extablished earlier, the mage of Z will lic a
point B the image of T at H, and the imagpe of M at point L. Indeed, they
'.|.i E"'-\.'R'-'n.'\. n | ..!:-\.:. H-. .=!I-\.| i:'l-\.!: || sance from B w |..:-;'!;,'n |:I.|:I EH I|I'.=:-|-_'.-
over, that distance will be much bess than the [eyves] distance rom the ob
ject-poinis reached by reflection, e.g., [abong] EB and BM

It is also evident thar, if angle EBZ is bisected by line BD, then BT

H“ .II:l.i |.:'J l.:'][ |'i'.!: .!l'.l. “.."I. = HK., 'n.'l'l |:, L1 s LR "||-\.:|_ :|.|_ EFM o
line BL, and MD < LD. Hence, the image of T will lie at point H, and the

distanoe of both [points] from point B will be equal. Bur the diszance|fras
I ] e distance| from
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AACE | RGN

that of M iself

INck S1AoE T i'l'.'Z

Nod nearer

[RF =]
i
n thiz | } £ } ]
Lin this basis LRI BL wWllehn = fiSLAMCTe '.'|.,:|'\.':-
LML 15 Nor greaicr :I":-lll thie distance of the hne |HLY T | passing :|:'..||-:;: the
| 1 a

i ' e 3
CENIEr O The e N, IRSCead; The '\.':"'ll\..l:I'\--\.li.II:-\.:I!:- mirnar lie an
= - rhiic 15 | . 1=k
LD U LEELs JANE, TNE T3] O

i, EMLELC

I~ 1
Way's lic a &h
TUTFOT Lhan 05 i

ny then marns from point-images (o le

. jril i .

! 21N ORGer [ n'.'xli.:[1!:-|: i ||||!c
ind size-distorrion, thar i
har, if the ITEES appears farcher

smaller than

-to-iimape distance

away than it should, © will

i
Ferllcwy Ing passa

1 £ |i||:l\.'., !'|;' !I'\.'-".'

also

e from Oerier. 1V, 120
_i"'lil. ..\:'l-l ." e i:"-\-l.!!'.l\.:' Iilll:.i!:l_ 11 :i‘:;' CASE, .'..ll:‘\l:_ Bl
“wirtueal” Images, and secand

|
[3.30] [THEOREM IV.32

oL .Ii'lill..lr'.ill.::ll":ll I!:- MG 2 ;||-_' Iocain of the PEners
have called “hacing,” ther

v Boconding o what we have 2lne;

T S o it
t ARG [in figure 3,44 . COMEAYe
with centerpoing [ : be

SVE; Afd IS T | DERI |||_
wn from B, Let 2H El-_' :'-.-_- :';|-_ JOENAE

¥l C ¥ _...'_'\.l.:|i.," L
{ line BLY bigects it at i

les, loe ot st !'\ll. || Al

3 directly
ECINgG positien I'hen, let the two ravs A
and EG be reflected from E o & and H

i q
k. LETGE 1WA II:I\.-.! i 0 O INTEECCT

= commnuations of cathert ZD and DH ar
1rEs o .II":|| H_ '.-\.'ll =1l :-:;;|;""

Let line KT be jo

he mir
w D

ﬁﬁun: F.44
refore,

15E1 '!'_-\.' il I“I at K '| I ||.\, ] |":, i.'|::-\.

F, EFE LS tiem 1% the same a5 that o
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|i|_"-\.l:|'- »

and since the ar

lines 1. a

il folloowes that i FEspective 4 L
it Lwill be right, and KT will be parallel to line ZH, More
;20 Bu TD = 20, 1T

| herelore, 1R = AH. A
m KT and maint I

..I": IT RN

CF [NEN [0S YVISUA] ZNgeE Suog

'i';, il | | -
s D T

17 I« FMEIYE fFIFfOrs
abject appears between the mirross and th

e |

."\-:.II'_II.ll &5 |

IS INE _;:-_||-:.;|._'\. 0

h
15 [0 e bisected by line DDB ar
accordin

be positioned in s

L0 WRALR ITRLIST
obraimn i1 himgs thar luay
leCing O Lei the
-:l'|!I ES EAH 154 ] ||:..|'r o il
ITGrm roant ! :'. ] ".l\.-\.:l\..'. &l
kI -l,:.lll:-\.l-'r.l:l_!]!
ZID|T and K[D]H b

- \.Il.l'.'- 1
JAEHAL lines BEA and Bl i

”I_[llrr 14‘.-

b rhe 1o il K1 SEiET T
5 OE DGR, and s ofienia

BOERES & andd | | R
1 i 5 i

L3 i".'!. Y faad, and simce the INEITH O
esof K and 1 |:'||:||_":l:.::! E are e

Te el

I reflect I

C al; Ehe chists JLiA '\.::l:l-'.:;;_ |:|-'_"_u..'
1 1 3 3
l'llu'lil\.'\-l'.] fal! ]'..I..'.I!l\.'

1 ANAC ['\.E[ -|I:_:I-\. 1E]
EXL and BERL w I.!l:' COuAmEL |
¢ TK will be par

limes KE and El
Therefore
I'ly. Bar we has

st | [ 5 - |

.
the angles ac 1

line ZH. Abo, ZH KT = DZ

: .-\.ll:.:l\.lu '\-I:-\.:u'.. 10 L i'\"-\. YIRS O ISCEIESERN

Tl I 15 oS-
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'\-I!!: 1] [.:'.l"l SCHTHELAITIES ill. '.-\.;l:.li Trl B |  ROFFIELEMEEE SIROMET, JNdE SOMmMc
times longer. Thus, it i5 possible tor ZH sometimes to be equal o KT
SGmMEfmes |'-||_:-.':. ind sometimes shorter
b £H s |-.-||xi'u:-.:;|| {1 !|:l. POEEERO T & Ul 4= 1Hst>
EMEATIEEn, 1 |
tended by £H. if ies disposaion an
if it iz observed dircctly, and it will appear equal o th
rrearer amd will
| | .|i'li:. i SIS
i |
S WO 18

at forms the

T CEEE

:!:-\.'l":.::':l'\. ]|

Fow we come to the s |:-|'-i|.;':'-:_ distortion, which Proler wddresses for

hath cases in order of -|||||*-||: ity (i.e., first for “vircual images and then for

real” images) in Oprics, IV, 130-141 (pp.

THEQREM IV.34] YWhen the

CENICIPOEN

Let line ABG be biscored ar poine

| ints A and G, et st

e facing IMEITGE 200
iray Let IDH > HB, and let the o
: At point b
[he ar 1 Ehese
L tl E;:.\."\.'.l.
LG INEEEYES

£ and H wnl

I"I:,;:Il!l_’ _5."-I-|'1
the same vic
L |: Ile Irom I:;-I '“‘-""'i:':":l r
uikped along the rayv-couple [EB, BH] reflected from point B, is aker
han the distance of £ From the eye at E [along rav-couple ERB, BZ). Poinc I
-.::-.--I.:r:i:-.l.--.k'n:. th Mt B, &
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24 the i.'ll:.l'_.' (n} | i'.'l. "|.l'"=.- '-.I I,'\l| o the LlRe |||_|; ASEES :::r.._;
PN A, K, and s, whereas thie pmage of arc ARG will a

passing, :|'|:|-:|__;::

i I:I: |
! ¥ H arc |

Wi I-'i"l"-'-': to be turned veward cener of gighe E. and |

points ARG and ALG will b

LHCs, since the ravs | |E

i | N&S [Fass]

pomnt b, igent o the circle and [thus] to arc ABG. Le
DEH and DYK be drawn, and el L be longrer o
Let tangent : it B of the circl

¥, the image of EX can
.-\.I!'\.E BLLWETN ."l-j .II":|i LIl SRMETUIES On | |
beyond points L and M (e.g., ar points H and K) :
disrance of E from A and of 2 from poing G, Bur the im
soing B irself Ha .

Iin. HITIAEE C ik I Znck L NS A [PEINES | ||:.Li "-.1 then |E|_
| appear alor £ &tra ght line LEM. Bur when tf

en A and L and berween G and M., then the T will

rays falling on objects are proportionacely
objocts appear concave, Finally, if
"'IIl.i |"'ll nis | AT |! Ml I=|-\.|: e Mg -_“'i
| he opposite 1o what we juse
IALL '|'i.'|'IE_:  § |i:||l
| _.'..; CIACLRAT QNes
straight line LBM, it will b

COTTH PRETESON To that [sume

§ LN AT 10000 LE)
LOHENC, AHD WIERCE 1T IS CONYCX N

D e e e A
o VL WEREL DS GIRNSOLUETIY Ny e

figure 3.48

ind the mirror, Ler ABG [in
higure 3.48] be the arcof

. let line EDEB be drawn n

ITERr WHER OEnic il'll!l"::

i El\.! :I!l\. : '||.'.'-. Al [=OEnE E
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Ler L be he Mg the ¢ I:|!|'l:| nis of the visible ¢ = .|!:-| [ | |='H.'
ELY hisect it
Accordinghy, when catheri £ and KIVH are exvended, the image of £
pear 2t point T, and the image of H at point K. Ler catherus TE be
i we exrended L0 PoInd L. on thearc, Let line LDM be drawn
and let ic intersect the extension of line ZH at point M, Thus, the in
perint & will appear berwoen poines D and L, since none of the rays emanar
ing from the eye is reflected ar equal ang yoint L to poing M.~

if we suppose thac the image of point M lies at poing N, then the image of

straight line MH wall be seen along the [cunned] ling il.lnl.'ll'_IlI!nl.I_e_..

K. 1, and N, and the concave side ol this ima ' WIHIE FRCe thie eve
|i:| -\.I:::\.".:!I:::I -i.\.il\.:'..- - 1 ""'.:.'!il.\, | 'i'l.l-\.'h":|'.|i|::l i||,|.:|-'|l\.:|‘r
.|!'.|| EI. 15 CANCIALAT, '-'H.I:i'l 185 iRy I Hac g iill\. m 1] |-\.:r. 15 Wi CI=
the arc to which th ray is retlected and have s concave side
I!;-\.' IMITTDr, 45 S ':;||'-: 15 !'.:-_-\.i vy Al “.l"?"l_ |:'I.\.:| e ik L :.Il |,|||i':|_ :"I
berween points D and N (e.g., at point ). And the line pasang
h points K, 1, and O will be even more concave [than the previ
h:_ | .|I":|! "‘\.:_ thun :i'.l. Vi ". e L) |||_-\. [+ 5] [E'I;_' -.;:_:_l_'
Let us o e that i fipare 3470 has iz convex side
FACin
IH :
olvject, and ler KW
mage I'.I';..II-! :i:l FaYsS AT sHOTTEr
Age of the od)oct Socn |::.' them |
o the eyel. | herclore, since the distance
.|'H: |'|!||-\. :_':.:,.ll I '\-\.|-\,,-\.'\-!!|
[lrom EJ, as measured by the ray-couple|s
EB, BS and EB, BL] reflecred from 5'-'-i:'.l
B, and since the distance |EM ] of 115 1m-
ARE, '.'H.I'I'l'll 1S AL "|.1. ES I-\. w5 than that of I
along EM; then point S will be seen be
rween Ly and M
b Ty I||l. pmaEe of & can sometimes -il'ii'\- ar ar evl, and |:'!;_':|:'.I:_:I' l:|.:|‘rﬁl‘;'|l l.'..i!i

Figure 3.49

lie on straight line TME. Bar sometimes [it can appear] between M and N

; :
EMEl l!l-\. L | .|:_:|"':.'|.'.\,|l.!-\,,.:'.-\__ |||' ;|.|_':||.|:_;|'|_.|!;'\-l::|:,'[:||:._-\..|!_:i'|::.|;
beoween points [ and M, and the linge will Apper conves, dep |'|-.i|"|_'. on
| s

how pronounced the concavary [al the visible objecr] 15 Sull, o

% i .I:'II ]i '-'-:I rcimnaln |E"::'|| Ak ' FINNES ] .II'.II H

['he final Lype OF | :I.!'_I.'-w.i.:‘*-':l\.l.':l'ili'i invalves UTAgEE-INVETSI0N, W hich does not
apply to “virtual” images but does apply to “real” ones under certain circum-

stances. Prolemy’s .|||.|'.:.'~\.:'- is found in -".:'_.I'Jn'.'.- 1V, 142-151 ipp. 214=-216G):

:'i 'l.I | HECYHEEM 1V, 55 N CONCEYE MIFTOrs n!":l_'!' I!|-'_' :.'||||;._'=>|... Vis-
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DHE O ECE LSS Eschiingd ERG mermor ergcivied [0 e on the same side a8 the

1 I i
ACILEE CHEIESCIE AN WHkCE

moved in-any direction,
IMIE§ES APEREAT Bk INOVE LN !il. L [ .\,i;.'-,_;: in
Acoorddi let ABC: |in |i:_:||!: 4.500 be che are of a eircle imger ||:.\_:
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WO B

“Irehinition” 3 ol the frics says that “when a given perpends I Magni
is viewed in a plane mirror, the straipht distance veen the mirror and the

viewer 15 to the straigh ¢ between the mirror and the perpendicular magnitude

1% the alvitwde of : F 1% 20 altituele of the pe i:-.!:.l:. ular mapnitude

Fresumably, o | 1 & ENer a4 marrow «::.;||:||'.!_;-.'| = |
narrow sighting gh which the line of sight could be directed as narrowly as
possible

*This experiment could be carried out usin mirrors at onge if: 1) the
COTHCAvVE Mirror were shorter than the planc mirror which, in furm, were shoner than
the convex mirror; 2) the axial pin were common to all three mirrors; and 3), the
.|l::l.'-\.-:': iT1 :\..'.J-Cl.r'\-ul.ll .El.-l'l:;! R H||' AT .'.il i !':|II":'| [0 BE S5 | a | |||:|_'.\_ T FGrs at |'r|:'
same time. Otherwize, the experiment would have to be carmmied our for each mirror
1 Tuarn

L | I":l i'\lll.lli 53 :I":.I:. it |;I-\. v el INCErsccy, then an .::-i-_;,l | |.\,|_'.L| Al |i|_':|||‘:'_’1|,'|, :iq,:|'|

!'"l.:li '\I-‘n.'l.'l.': Ncg ."\-'\-.-i.'i.'-' I'-\. SOCM A1 LWk [HEaDTS I'\l: :I ‘I I!‘:. NGO .II-:-I'.|_: :|||_ CXLENSIOns

i cORE & -II'I:_;|-='H rwo right angles, and since angle O < angle K, then

angle O + angle ORE < two n
ind  (by Euclid, Efemenn 1, postulare ©

*Since arc ACT » arc CTK, then angle M > respective angle X

Thiz iz the cate rreated by Hern, in ¢ hapter 9 of bz ArPITics,

i I .II'|i_;i-\. By Sl |i!'|"\. L. .II":-\.! Al must conv CIEC [Otind |

*Euclid provides a specific complement to this proposition later 1N Propasi-
tion 24 of the Catepirics (p. 326), where he undertakes to demonstrare chat ™
CareE O COncave marrars, 1f Ié‘l-\. l\._-.'l' (1 |'\li Tl |.! B !!'.l.' CETLET | I LU -_Il.|||;;. i i'\.. ;||.\_- B,
by icsell
“Pre 17 of the Euclidean Caroprrier makes the same basic paint as this
'l":l.-:rl Tl
“These are proportional sides of similar triangles KLH and ENH. The same
_||'.|‘| S 10 : NEXE p::-||.:r|: Gl ||‘1.
HSince KH : EH = KX : ZE and KH : EH = KL : EM, then KZ : £E = KL : EN.
Bur KX BEL = KL : EM. Thos, KL : ENM = KL : EM, whenee 18 follows thar EM
EM
¥ Euclid, Elements, 111, 7 "1Fan the diameter of 2 cirde a point i taken which
s not the center of the crde, and from the poing straight lines fll upon the crcle,
'.!":.I'. "«'.-'IEl |-|. i_::w..%ll. %=L O 'n'll. e CEREIE 15, :l":l. !:'!|'|.||I':‘: el :|'.:; x-;;||-_'-:ii.|_'||r_'|;:: l.l\.|'i ||-_'
least, and of the rest the nearer o the straight line through the centre is always prearer
than the | thearem, soc M Dinrteent Bovks of Buclrds
emtenty, second edi Sir Thomas Little Heath, vol. 2 (1925; Mew York:

L howver, 19506
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SECTION IV

DIOPTRICS: ANALYSIS OF VISION BY DEFLECTED RAYS

As with reflection, so with refraction, the most fundamental P:'lllll-:'r.". hiaz o
do with image-displacement—i.c., the object appears o be where in fact it is
11l 'hus, the -Iil..f:-'ili EZ':'-IE i vo reconcile such Apparent |:~c|-\.:'.i|||| with the
object’s real position. The analogy between reflection and refracrion extends
ro the supposed corrective: iF image-location in reflection is |,|||_;|||_|:|.-I_-. Con

ronsh P 1-._'l.il.|.|||:'. | berween 1 (the .-".:_!_!-.- of incidence)
||'|-.| I:||-'.' AMmgre of |-'.'E.|-:'-. LHcHrE ), ;l:-.':*: !ln'-|||||_|!'| ¥ CIe S ImLEst ||.;.i.:4I I'.:r retrac

TI00, eXoepH that the SpEC fic re n.':ll\.l."."\-i:ii'\' will not be one of '.'-.'!..':-.||l_l.'. Accornd

ingly, in the first part of this section we will examine the dynamic model of
= i i [ x‘lx"—i‘i- I't':.'h.l I"-' Hero ol .'-I..l_"\l:.||'|-\,|r|.:_ .:_|':|_i I"||:|;_-:;|.|, _||||:| iy ||| r|'“l:'| I._'"_-\.k a1
how, an the basis of bath that mode] and an experimenial program, Prolemy
.;.Ih':::|:1|-.'-.': I x|:l:'|,,:."'-' the e |-.-.'.|:|:'|x'_"|:_;| berwesn § ':-II1_i!_|:.' ot incidenc &) and r
'.|I|!'_||. of refractuion) that governs refracoon.  We will F:-r-:.u:_'-:;n:s' in the zecond
part ot :|:I:~ SECIEON [0 :"I!-:.-:l.'lll:.".-..u..-:'-'.'.:*:'. |:-r.||-:|'.l.'.:_:|||;|3;:1|-;L-||.; |-:'::.r.:| ALELL ;||'r._-;.|:~

| }

celestial observations. The third and fourth parts, "i|'|_'|_5_:.'_ will be devared o

|||-C' .III.II'.'\-i'. Of image- Il-". AT .'Ii'll.'! linagc :|i-.!||r:i|:|| 1N refracoon [II-:' L T
¢ s

here .:II.'II:E: upon how the apparent |'|i.:_:_-_- and siTe ;|I'.;.|:i.;-._ % viewed |;|-||-.;,-__-5_:i|
;
I

s¢ atfected not only by the difference in density be-

refracting inverfaces can

OWesn opl ical media bur also by the ""'Il.li"\.' af the refracting surface,

CMuerpation and Evplanation af the Phenpmenon

Thar an oar il.;rl.l.l:|:.' '-.l.||:-|||:'r:_;-:'r‘. In Water appears o break ar the water's

ACE Was not only a :.'l!'l‘:ll'l-.l.":;'l;.l'.-:' obzervarion but also 2 cause for some
wonder in antiquity. As far as optical sources are concerned, the eariest men
tion of refraction is oo be found in the Euclidean l",'.-.:r.-.,r.-;'.-,'._., e sixeh dehini-
pon in that work asseres thar "if some object is _::-|.h;|.:| in a vessel ar such a3
distance [from the viewpoint] that it can no longer be seen, and if warer is
[":lllr;.'-.l in, then the abject ;l-.:.;:i i the vessel will be seen.™ Hero of Alexan-
dria also adverts to refraction rang ".:|.||;:-.' in his dynamic account of refrac
riomn im the thied -.;:.||'||.': af the ¢ '..-.--l,r..'r.-:'. where he treats refraction in terms

ol impertect reflection. Having likened reflection to rebound from a hard,
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Accordingly, an objoct thar lies ar poing T will be scen ar K. And since
ines DB and BT taken together are longer than line DBEK (for angle BET is
obtuse); the distance of the visible object’s image will be less than char of the
objoct iescll

||. MONeOsEr, Wit araw Bl .||I|i :::l.l-\,,:_' :l.l_' N n.i‘j'\-!.: ||!:i|_'-_: il [ - .\.llq_. :_' IEom
that point we draw catheruz] MM normal woe AG. che image of Lwill lie ar
M, and the image that appears at point M wall lie larther away than the
smage that appears at poine K. Buc i will nog just lie farther away; it will do
=D AL .'|l.'l\.5il'|:_: | {9 B | '!:lkrll-\.l:g.'l.' I|":.I:|.| INACHA I |.|:|-:|'|-\-E-:|'| || 15 PrropRce LT
Ihus, since TG and LN are parallel and lic on a plane, MN : KG = MB : KB

LB : I'B. Andso, MM : K= LB: B

Prolemy then mums in Olpircs, W, 74 -'F. 256), to the opposite case: a point-
/ |

|:|:i-.'-| viewed in a rarer mediam, such az air

4.13] [THEQREM Y.12) For if we assume refracted ray BTL [in Figars
L] ..'I_ n.i|:| h forms an .|I'.!'_|| ||i.|'|_':.:.;|_ ;||:|'.: l IH | Erc ILCE If| iF Angac n' i::.,;
dence] DBE, then the ranos of the distances will remain cons@mnt o one
another. For the ratio of distance LB | to distance T[B] will be the same as
the ratie of distance M{B)] 1o distance KIB]. Bur in exch cxse, the relation

-i'&||'- iz the inverse [of that in the previous demonstration]. For the locarion
of T, which represents the visible object itself, will be nearer than [that of]

its imape K, just as the locarion of L will be nearer than {that of | iz 1IMEge

i

fignure 4.14 higure 4.15

."-.5-.'\-'.".:'.-5-_'h from poant abjects to |!_'||:§:_r|'|-. i I".:'_I..-.'.".;'_.. W, TG-78 I:F-lt_ 257-258),
I':nlr_-_':'.:l.' l.':-:|.!-|.'||l'|:~ the overall I|'|.'|a:|'|||i.|..|:i|l|| caused '11:r' refraction in rerms of

the size of the visual angle under which the image is seen:

4.14| [THEOREM V13| Ler the rwo rays DA and DG [in bgure 4.15] be
drawn from the eye at D to line GA, and let chem flank the normal DBE.

Then let them be refracted 50 as to Hex apart from the normal along AZ and
B
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HCG, and lei them comprehend some magniiude fe i wenied by the line

.l\.-\.:!i.gl':i'i'- i 1k B IR .:;;._::"’E'EI II': !.:x':"-[‘h‘r -\.!I:;.
EVIHAETHE [EEAE .|I":E'|-\. ALy = .|!'!'_:| _-I"l:lfl I:_-

DH be joined

s phic relfraciodd rays (e farther from the n

rays dlong XS and DH|. And [so0], £H will be seen under

i i

= LY [han the cOnmtinuwanon of
T d =

C ITCRCCT

F

LETRIT ¢ !!:- R B '.!l'\-\.!.ll'.: .|!.II-\.'.|'|;:-:'|:||.-!I k1

- BTN l\.!l'\-l'\"l"'\-i::":'.

iR | Liap Fi & the resaares o F thar
BTN ¥, N4 i ASSLIRTIAELEY RANAL ESEC HECRLELMNN BN REEC FEWVCESC O Ak

SE : . : :
just specilied, et us suppose thar rays DA and DM [in higure $.16] are re-
i ’
':=|. a5 ':7\.|:_!.!":'\. WNET EiEE Ve 15 SICRIELSCE 1N !|:|

s, i we join lines D and DH, angle ZDH = angle

Iracred
denser medium

'l.ll[i 'l.:;:: =0 I|;| ICTLIL & 1y

1

figure 4.16 Figure 4.17

- 3 3 s -
| § |_;,'.;|::: q,l;,':;_'|||||||;,'q,: '_|'| ik :?'; AIMOLLNT |:| !II.IELIIIl':.::Illll 15 :III.\,' L] '.II!' NG reked]

SIEEE O

sl .|||!_-|:' wnder which the IMAEE 15 SCCNn and '!'|:|.-.|::!; alsa deter-
iental cause of such magnification is the upward dis
placement of the image, Prolemy cong ludes in Cloricz, W, BO-B2 [pp. 258
259, that, in the case of refracoon :|::-.-'.:5;5: EIE.II'I-C' interface, the mage ap-
LS [n be precisely the same '-|‘:.|§'l: as Its !.':.'I'h.'-'-ll"':.! object:

[4.15] [THEQREM ¥.15 IF ray-couple DAE [in fgure 4.17], ray

couple DBE, and ray-couple DGH are each refracted voward magnitude
EXH, and if catheri of refraction ET, LK, and LH are dre
DAM, DBM, and DIGS are connected, then the image of line EXH will lic
on the line pasting through poines M, M, and 5. Alzo, TM: BN =E1: LK

while KN : SL = KX : LH, and TM : 5L« ET : LH

Nt mic will Fald as well Iar every !'.'ll. of QISpOSITIcGn |2

ypped, while lines

r if sepments

| 'l\. TR

TE, B, and izl the observed line |'..."'5|..|-.|':|.|:5;|:.5i:'-.'
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ments MT, KN, and 51 define the
cerved [imape]-line 2t a straight line.
the other hand, if the former SEEIMENEs
define the observed line a8 conves, the k-
LN SCIEnTs |‘|-\. |-I!'|_' I|'|-\. ||;'-\.|_"u.-\.' T3
CONVeX |'..'::.||:.'. it the former SCRIMENLS
define a concave line, the latter define the
abserved IMage a5 concave

As s represented by the higure [4.18
marcover, this is the case whether we sup
pose the refraction o occur in the dinec

tien of, or asay from, the normal

figure 4.18

I"'..'l'll ||i!' IRNEASE CLITSChT '- :E:_I.Il'u,, ol ] !'!":l'\ll,i:\,'r.-,',-q,'i:..' |,|r:::.»;.' ||,|I I':||I:-c'|||'|.;'|,:_ COMEINeT

filled with warer will show the basic conclusion of this theorem to be false
since the bottom in fact appears concave, it is clear that the image does not
have the same x||.||'l:.' as s E;I.'I::.'I.|::I||;q.li:1;|.'-.:. Indeed, Prolemy’s il:::u:'q.'.-' ire for
determining the image-location of point-objects should have led him o con
clude thar M is pr-:'|||._':_||'-!| somewhat higher than M, so thar, all rold, the image
aof thar Porion aof EH lefr aof ::|':|-.‘|El|:-i|:| willl incline constantly |||:w.:.1| a% the
line of .-||:§"|: moees ever ourward. The source ol l:'l-::-ll.'m:.":-. errar, of course, lies
in the false precision of the three proportionaliies, TM : KN = ET : ZK, KN
: SL = KZ : LH, and TM : 8L = ET : LH. The simplicity of the resulting
el :||:-|:-.|r|:'r||:|_-.' ceeluced F'l-.-!:'lll:.' Inbo i||||1|:i||!: to a conclusion that was

INCONSISICRD W I|!". I'.Z‘\- LRt LR I||!I."\-.
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N

" i
|:'I'\-il.ll.l_ L|III"-. cw LA CRTRS |I!'\-:.II 1= &V -c'\.!._“l. L= |

n ship (adirect | anality?} between the density of 3 given
1E rmecknEm .II:|| :!":l_ AITEGLLINE o |I|'|:"':\.'|_'i. I et [0 ._|,' ||_|-\.-\._;|:.\,' il i
1 . .

lemy seems o believe o |_|-\;|.|r_-\.,l nof relract

Ll W5 b5 |||!.|I:\..|I-:| II\.I.IRI\.'-C'. 115 I.Il:-\.'.l | LA CTACH Y i CARE T |:\,|;.I,.'\-|:
by the piven medium. Thus, we ar e a fundamental relationship
¥} between densiny an refraction. The problem, of

'I\.II'.'u' AT O ll!I:I:'
P

LOLLESE, IS TIEFEY LK E.I.ll\!'_'. .!l.!.'\-.lu 10 5 RO I""l":llll.l SE S TRE
phyzical, so thar i we amount of m r contained in a given vol-

o5 o owares? Worse, why an

In VECW Of [Iess I‘..il.l.l"\- {al

14
W relracrecm 1n

I5SREES, W '\.!I-\.':.I O A5 I

g I"\.':II.Il'\I'\- .|| € IMECARNS 1O CONYeY 15 3 YRR SO Of An;

B e R.‘!:'\-l\. LSS0 10 Dei Z"k. ¥, Wi !“{'i.'-'«‘- II'l.Ii II'll\. £

refers consisis of Hlow semicylindes s¢ ends are closed off 2o that it can

Walcr,
“See passape 3.3 above

|.|":l. -\.'II.I|!|‘|" “aro |I'||| KM RS ..-\."H.li| il |"'||||;'||'.'.' WK -_._-'_: .\,.\_:.:|.__:|||-\,,||_

ng his resulis o to the n 5 T TUFNE 0L,
ey S, T i

tor the first i I v articulares the principle of Fecipro-

1.8, Ml & in refracoon (o, tor thar macter, reflec

& Fav-colple per

net gical implications o

- phan discussi tabulate the results for all three
incidence a e observed angle of refrac

¢t to the o

AT Ao :.'_I.l'\-'\- wiler s r.h i
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M
!

figure 4.6 figure 4.9

1N O !:'!:ll-\. I'|'.:I § FCCCMENT, Ve |'|I||. r:’l-:' SLAr B 51 “ "---l:--.l. rh-:_- ;'I:-r:.lll;' i |,:|:-\.i|i:-\-|| : | 4 l.l.||
appear absove the hormzon -.-.!|:||::'r-|1|-'-i n | hecause ol .|||1'.|--|:-|1-.'r|.' refraction,
which causes the star, i.:-'.'ll'-!'_ in a rarer medium (i.e., ether), to Appacar to floar”™ above
115 A :I..|. |'\l||\.|!|l:!": LE0T |'\I.I'\.'\-.I!Ll\. L | .Ii'\ll'l'u. | | I":Ih. :E!I' |,1.':'\l|-\. CLEOT |:|. 1= AFI_:!-.-cl'l..I'l[ .Fl:i'
tucle or arbit '.-|-.:||;: the dotred line) dezcnibes a circle '.:. i.'|_|'_ above—i.c., to the north

Chl | 105 AT AN € |:.\,|-c ||:'“.'|',!.r B I !l{l;'n'lu'_ A5 I p rll!:.rl;xxl_'x.kl-\.:-l":F ILE .Lg‘l:-,:ﬁl ||;":-i| r.|'..-\.||: ‘_"'
to 5, refraction causes the apparent position 1o lic farther north than the real one, but
the amount of refraction diminishes continually as it rises higher in the sky. Thus, the
dotted circles of apparent latinede or orbit constantly approach the acmal circle of
latitude or orbit untl the sar reaches zenith (point 5), where no refraction occurs and
where the apparent orbit has reached as far south as possible. Then, and only then,
will the E:"nl:l.'-\.:-\.-:i. circle of latitude or orbit coincide with the actual one.  Moreover,
the Farther north the circles of latinude lie, the smaller they |'.L-..-.-xs.|ri|3- ane in -'.l.llll;:-.iri-
SO T Ilu. !";rl.'.ll CITE :!' of the -!'l'lll.lll:lr.
i short, BHD represents a line of latinude.

Wy orher waords, point M re presents one of the intermediane POSILIONS [2=4) of
the star in figure 4.6, note 12 above, whereas E represents position 5 in that higure,

¥ Thar 15, when the star 15 at 5 and therefore dozest to the horon in relagon (o
zenith-point E, the ray thar reaches it will be maximally refracred. Comsequently the
apparent locaion of the star will be shifted northward as much as possible, Omn the
other hand, when the star is at N, ivis clossst o zenith-poine E and, therefore, 1o the
point ar which refracuon s minimal. Hence, its northward shifc will be the leas
prssible,

ke amount of refracrive .,!lxl_'l!.h_'l_'!!1-q,l'|r in thiz case will I.I;.'I,'Il,'l'.l_'l UPON WO hazic
i

g 1%
IECICHS: | ¥

the actual refractive power of the denser mediurm (air) relative to thag of
the rarer one (ether), and 2) the depth of the denser medium.  Prolemy seems o be
citing the distance of the bodies in question as another lactor, but in fact, the aciual
ve-to-object distance has viroually no effect on refracrive displacement (perhaps by
“distance”™ he means actual latitudinal distance with respect to the equaror ar any
given point along the known orbiv of the body). All of this can be graphically x-
plained by recourse to figure 4.9, which is adapted from Bgure 4.7 above. Let arc
ABB' represent an arc on the carth’s surface, with H as its center and A as the vicw-

point. Let the two arcs through D and D' represent two possible interfaces between

air and ether, and let HBDT and HB'D'T" be the respective normals wo those inter-
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SECTIONYV
ANALYSIS OF THE RAINBOW AND OF BURNING MIRRORS

As mentioned in the introduction, the analysis of the rainbow seems not to
]
have I-"'E"C"'l i”l-':'ﬂl-:\-l [LE; |I||:.' 1|'\.i:\..||"'\.|'\.-|:'r OPLES 1N .||||:|1'|.'-i'.'.' AL BEAST S :II.Il sCicnce
i5 currently .'|.'|=r-."-:'||:|.':| in the rather p:|||::.' textual tradinen chat 15 currenely
available. The I:I||:.' significant soudy of the rainbow that survives from char
'.'u.-rl:--i. in face, is ."'.rlx'.:lll:.'x ACCOLLND IR |I".I.' .1-.rr'.':'.'llr.'.'--;_::.. '.'.|||. niE a '.l..':!rk :|-'.'
| ¢
Vo fed ot 0 GpLcs I!I|I EEy WlEL WielS, OF WIS DIecsuImed [ Il.\_'. _|:||;|;.l\.|:||.\,': i
henomena (including comets). Whether the survival of Aristotle’s rainbow
3 1 ol 1 L=
analysis 15 a funcrion of itz overwhelming authonoy—Dby virtue of which i
buried all competitton—or whether thar survival 15 2 mere historical acei
i ble to d i ich t r We do | | '
15 Illll,:-ll'\--..li'\': R CHELETITHIRE I ©Erfalney Wi O Nave -\.|;:,!:;-_'_'_-\._|:|||-\. ol afhver
o , wire. including one by Peolemv I Given the fragmencary and
LR BOSLTULRERRRREY,, DENCALICHINEE e O ISy, Lytven the I .%!I'II.IIl.'... AN
questionable narure of these SRgEeslions fl"'=¢ﬂ|1- our discussion of the rain-
- 1 B i~ '
bow in the hirst part of this section will necessarily focus on Arstotle.
Wiher e 1 I.- '....I- - I I....I- oy |
Whereas 1015 not clear why the study of rinbows was considered periph
eral by ancient oprical theorists (after all, the rainbow represenes a visual effect
NP EXCEIEERCE) ':II'.' SLUE ¥ | IIIIIi'llll:-_'L MITrers i ancoiiher matoer ;,'|||;;|,-|l,_ 0T
; - ; : 5
burning mirrors have nothing o do with image-tormation or the deflection of
.
visual rays; they have the umque property of focusing !:5_:!.! ravs. In other
) I }
worrds burning mirrors have nothing to do with sighe and everything to do
k ! .

1 i
with I'.;_:|'|I. As we will see in the secand part of this section, the earliesr art-
rempt to understand the focusing property of D muirrors=—in Euclids

Caraperici—was as crude as it was misguided. Within roughly a cenrury, how

EYET '-'-II-C':: I.'lil\.:ln. Il!""\- !,'-r-:u'.-':.'.;:'-:‘i nis II-\.IIII'\.!-',: 'H.'II-:I". LE]| -i".".'.'ri«.--.l |I||:\.I I'\-_||',,I,'\-||I|.\,

':1'.'.r==.-n;.'_ mirrars, the analysis had achieved an exrmaordin ¥ level of sophist-

Canmn

-
[ A Rarm ||:lr.l|'.g'

Aristotle's 'l“.ll.l:-' ol '-Il;. r-||!'-':'-n'-t COMES 1N Iill.' :IIIIIZ'I IIIZIIZI\. -C||.i|I-\.' Vereora
§ '.'-II-C'!l.' III:' IIi'-l:'.'.'\-\.'-:"\. LRI .|I."‘:'.|'-'\-|!i|-q,"|; .: .";,||:||||'_';:_-_ -\.||.LE: A5 |||||_|| _||:|i
salar halos, that are, by his accounrt, due o reflecsion, | {ovwever—and here we

Cofme [0 an IRfEresting interprefiive problem—Ir 15 not the reflection of lezhit

149
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but, rather, of visual Hux 3-'-_,'-.-:" thar creares such effecrs, "“Whan |||.||-;_|_'x itkins
[roint _;l:|:|:|-.':'.':.=|i-. . of course, 15 that the theory of -|‘!-_||| -".||-.:|:|'_|,-|_|-.--..;-!|;|;-. with
nctilio in O the Sowd and Sense and Seasibilia (see Secrion [, pp. 23

g :.'.".L'i.'lll'\-':ll\..lll:l-' INTRG M ISSionist He 1z I::-.r A _;'-.|ir:x |_|1-r;- (4]
extramissionist aleernanve. W ||:'- |':-;x,||'|i|.||.;-,-;',-..._;.|||_|_.,|||; rron? While

there 15 no l.I-\."!II1II.'..'|' ANSWET (O Thas Question, I setms likely |i"__|| "l|r|l.||:|_|_'

q 1 I I i . [ ¥ [~ a
adopred the visual-Hux model because it ||||:-'.'|-:|-.'|'. the standard framewaork For
peomaetrical oprics il the time (note, also, the use of a visual-Aux model to

explain shortsightedness in passage 1.7 above from the Profdems, which, if not

Aristotle’s own work, 15 ar least Aristotelian). Thus, Aristotle’s use of the v

-y adel in rhe A rie miabablic reflects o I [ i
SLLGU-85LY TTIOEACE 10 DEE £y :'\.1_ EEY FEfEeCEs 3 T :"I_I"-!:lq__'l [ Hd 4T
|.|I 1 A Ccorerig .II COMmmitmcnt I II.II :"\-.Ilil. !-\.': LS ELIruN Bk :II-\.{ rollowing ASSLEE

trom Meteorofogy, 111, 4, 37 3a3 ; '|||_3:“-:|'|;_ G001 -002):

. .
. Beir th P ane il getlected frome water, and even 1n the

IC B 34 OSCCET MMErDGr CiEan .|E; 1] |_-_|.\_|| aof Lee II_||'_:|_.|."\.I

ot :
i ch oonstibeics a rainarogs, 15 necessanly a I:.\,;I:;

rmirror than

obvious and has already been stated [in 111, 2, 372229

a4 mirror ol !I|"H. HIF FENOETS ;i £ EERlOUT Of ||- cCl iy, 18
Henee it folbows thar when it is

clouds i3 in the process of |

L1 -'!'li'-l-\.l::

.II'.II CARESE LI | PG FERECCTEE 0 [HE OfX]&CL, [NEn ||;- Feliectian LSt

C AL 'u'\l-i.llll.ii 185 '\-II.Ii"'-.'

I':|!II! :I!I'\- F'\I:I'\-'\-.I|:I'!I | L Il\.'.ll :II.:'I ."I.I.'\-\.I:l"\ll:ll_' -!'|..'H. (11 ||'|i||:J I:|'|r|_~;,' I:-.;'H.:l. lr'|:;,'|\'u;||||=..:.e',-.
! g : . : 9

tor the formanon of a rinbow: a mincloud aborning through the coalescence

of water-particles into droplets; a bright object (such as the sun or moon)
posite the cloud, and a viewer facing the cloud so that his !.I‘!'II|| Can

reflect to the br ghr object—in other words, so thar the object is to his back

With these points in mind, Aristotle goes on in .li.;:'.':-.'.'.ll.'ll"l";.'|'. I, 4, 374b9

37 2a8 (p. 603) o explan the

|:";, r.;!l'|.;'|| TV

* af a distance looks blacker, Esex

1, %0 it makes white look less w
When the sight is relavively strong the
i1, and a harther -\.i: I -\.:|. WK

I UL MG “—ii!- :||:a.".'-.-.:|-|.:rw. (=0 :I":.I:_
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I - |
the outer band of the primary ranbow is red; for the

¥ i f ¥ : L y
MR -\._;:||: :;||||-_' ANE P ||;-_-:;I|I I-.|!'.|| 5 BANEESE B : TTEACIAE EEANCE SR
[he ;||;_',,'_ s O DG SRIME PRrEnCIe 1C .I:'l|'-\. irEnoE O Yol HoUWLECN
i : ') I} | I - . L AR a R r b B B wikiie
LR OREfeT B0 ENaG M ".-\..”I".“II- 1 ||.!. N LML 5 HOE LRI B0 1 WIL

:;;|;,':'i |I| 105 |LELAPRESEERONY WAIREL JITCCEL.

How, then, s e .|',li:1!'.' this analysis of color peoception O the model of re
II:'.;.:||||| IFOTT |||;||'\.|:|I_|_|| |_E":||!|.;E'. |E|_'\--\. :.l"';,-\.‘l 111 :'_".l‘-"-.:ilfl.' 7 i .II':-'.'l.': JIII '.II.II S
LI IO _1.|I|'_'.¢J|r'fl,'.:.';:'._ 11, 5. 375b16-370b21, where Arisvorle describes a semi
[ ||._|-,- '-J.'_{Il i|x |_:-.|-.u P on the :*'.n:-ll.'l:lz. s cenrer Beat Z||'.' center of :-|_;'_|:I:. :::-\.‘l
the sun rising at peint G. Accordingly, as Anstotle describes it in Merearology,
I, 5, 375b30-376b15 (pp. G04-605):

3.3 Firgt, let the luminous body be ris ng ar ths poant B[y !i:.!-!ll *1
and ler KM be reflected 1o G, and let the ;'-|.-||-. determined by the inan
KM be _,-rn.|::.-.:': I'hen the secton of th re will be a pre

Mow] since both the poings G and K and the line K are given, th
_"..1[; '.'\.'||: ||_ F%Cn (e, _||':'\.|_'|_;|_|_"'|I'._ : ol | |||:I.:!|| : ne s 1o the ::||| el I
will be piven too I, then, the semecincls be revalved absour the diam

eter GKP, the lines reflected from the points G, K at the point M will have

the same mtio, and will make the angle KMG equal in every plan:

-::l: \HH

Figure 5.1

[wo things are waorth NOUng abour this l.'h'r'-|.|||.|::l=||. First, the reflection thar
Aristotle describes 15 not bound by the law of equal angles, faar ray K, |,:-:_'i|'|3::_
3 radius of the circle, strikes 1o -.-r:ll-!.:-_'h-!u:'..:.”:.'. Hence, the .::'.5_1|-.' aof incidence,
cMY, is a right angle, which means that the angle of reflection GMX will be
KMY g gle, whick that ¢ 1gle of reflection GMX will
less than a right angle by the amount represented by angle KMG. Second, the
position of point M on the semicin le, which defines the PROSITHN af the rain
o, 1% ||||i:|||-:'. 0% I'::II. ALECHN :-:1|.'I||!'_ a ftuncrnon of a i'l.'.rtll\..'.illl F A d L] |l~.'i'.'.-:':'|| LT, |
ind MK. The precise measure of that ratio is determined by hinding two
points, [ and B, on diameter GI* [in lgure 5.2] s h thar GD : DK = GB :
4 iM : ME. Accordingly, M will lie ar che intersection of semicincle
BK = GM : ME. A gly M oweill | t ol I I
il and the semicircle erected on HEImE of line GB (the so-callec
GMP and ¢ ugircle er | gment DB GB ([« |




PTOLEMY AMD ANCIENT OFTICS

figure 5.2

Apollonian semicircle).” The position of M, which defines the rainbow's arc,

] !I'.R.'I-\.";."'Il\'.' III'-.I:I-II'.'I."\I-‘-'i|E": r-:"-|:-c'nl ||,:|{; .::'.IE I‘\.r "";IE :||:\.' curvarare of [._"|l.':'|:|,'

which is a funcrion of the size of the circle generated by rotating triangle
i
MR abour axis GGRP—it constant, T he size of

he arc can vary, however,

1g on the position of G with respect o the horizon. Hence, as G rises
above the horizon [in figure 5.3], diameter GKP of the semicircle tilts about
K as a tulcrum, thar alein tum pulling point M lower toward the horizon line
until, ar last, G rises high enough o make M disappear below the horizon

LIRRC.

higure 5.3

The arc tormed by the rotation -:l|.}'-:u:n: M aboair axic GKP iz a mers |i|'||_',
whereas the rainbow itself consists of several bands of color. The arc described
by M theretore represents a mean abour which those bands are grouped. In
other words, the reflection invalved in the rainbow’s foarmation occurs within
a range whose midpoint is defined by this arc. Mow, as Aristotle claims in
passage 5.2 above, the rainbow consists of three basic bands starting with red
at the top and passing through green in the middle to violer ar the botom. [IF,
then, the arc formed by M iz raken o define the Freen band in the middle, the
formation of the other two bands can be explained on the basis of the relative
lengths of their generating ray-couples. For instance, the ray couple forming
the violet band below M is longer than ray-couple KMG, so the resulting
visual T Pression .'|El.=-|'|!.1 this raLy 'I\.I|1LE:||-\'.' will be wealer® By the same token,
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the ray-C =IIIJ"I..'I.' forming the red band above M iz shorter than r.=::,'--.._:.|,|_|::||.:- KMUCG,
10 ] II".I.' rl.'ﬂlllilrll_:: '-'I:~I.I.'|| II|'|}".'".':-:~||I|| '-.'||| |.:-|.' h[l-:'-.".;:rr. ."'L:'.-rf_ |-ir|.|||1_.'_ HLY _-'l.||-.||||i_|_-
asserts in passage 5.2 above, "the appearance of yellow [between the outer red
and middle green bands] is due to contrast; for the red is whitened by s
:'.:~.I:||:-:lw|ti|||| with green

Llespite s merctrcions exact itude and s ~.|,|}:-:_-r!i.;.,|,| coherence, Arispogle's
l.'?.p|.'|||.'|:|l:|| of the rainbow raises ar lease as many pr-.'-l':-|;'|1'|-. as it resolves, For

e |!"l'-!'l:::,. the “law”™ of reflection III|;1¢.':|E.".||;: thar -:"-.31'.:|.r|.|lm-r| (e the law

defined by the '-!'".'l.il‘.il. ratio of GM o "n.-iH: flours |:||-e; Faw |:|" !.'~L|II-.F|| ,||]Jll|;'x

Why should reflection from small mirrors, as represented by individual rain
drops, be any different from reflection from large mirrors? Moreover, thar
“law” is mo law ar all insofar as it is breached by the formation of the red and
violet bands on either side of the arc defined by M. Another problem has o
do with the formartion of the secondary rainbow abaove the primary one. [wo
it stand Out In ':lli'- case. First, there is a dark L EHEE S between |:".-|_' upper
band of the primary bow and the lower band of its secondary companion.
According to Aristotle’s account of weakening by distance, however, thar space
should appear even lighter than the red band below it, since the distance com-
prehended by the ray-couple is even shorter.  Second, the order of colors in
the secondary bow is opposite that in the primary one—i.e., it uns from red
at the bortom 1o violer ar the rop. Again, according to Aristotle’s account of
W L'.ll-iq'!'u!]j!_ by distance, this should nor ||.|E1i:l|.'||. since the Ay xr:-|||_:-|-:: :.'|L-|;|i|1l1
the impression of red, which is strongese, is longer than the ray-couple yield-
ing the impression of green, which s weaker; and thar ray-couple is in turn
longer than the one yielding the impression of violet, which is weakest. Thus
the reversal of colors in the secondary bow is marched by a reversal of the
weakening-principle described by Aristotle in passage 5.2 above.
2. Burning Mirrors

As we have already seen with Hero's Careperres, and as we shall see in our
selections below, there was a certain fascination during antiquiry with mirrors
and the effects thar could be creared with them. As far as burning mirrors go,
we have the well-known restimony of Apuleius about Archimedes’ destruc-
tien of the Roman feet at SYTACUSE USINE such mirrors. Tha rEstimony |
quire lare, however, and there is no contemporary mention of chis astonishing
event, an event thar would '.u|'|.'|_'.' have oo |||:-i:'|:;.' the attention -:ﬂ. the chroni-
clers af the -:|.|_1.- Maoreover, the technical dithculoies of car rying out such a feat
would have been insurmountable, As far as we know, the caricst SUTVIVINg
analysis of |.!-I.IrIIIrI!‘: mirrors 15 o be found in the Euclidean ¢ '..'.'.-Jl.n:rr:'_-'_ propo-

datpon A0 L 340-421, which 13 r|_'|1r|:-|_||_|u_-|_| below:
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5.4] [PROPOSITION 30]
Frd Sl i ._-.-_-."_._- -I.l-l-r-.-'.'-" Fiir
|-\.' ."'-l:!l‘: 11 -_-:= - ':-\..li |.':!'.I_.H..':':|ii|'|_|‘:_;"l:ii|-\, SN, XN

I the mirror s center £ CLFVGRADE Tl SOc

¥ r'I.llr Lol |'||.-||'|'

poant LY let I¥T be deawn to centerpoing T -':'.';:""
and extended o B, Ler ray DC alzo fll and 1
be reflected 1o K Tn will therefore peflect o a
point| above centerpaint T, bor angle P formed
at the [mirrors] surface is smaller
maining angle=—.e,, BCD—formed :
TUITOT & *. Let arc AB = arc BC, and
trom D ket another ray, DA fall. It is cherefore
obvious that ray AD reflects to B, sinee arc
AR = arc BC. In the same way we can dem-
INSEIALE I|!.i.l .|| Mays I:! e Imam |_'|' I che

PO and Curiing of COual Arcs I

sira !'_I'.I line B'1 i the same POIAE Wil hy
Again, let ABC [in fipure 5.5

sum, and ler EI'B be drawn from

I ..-\.I'\-:.'.II:_:I t hines DTC and ZTA

from other paint 15| DX and £, Accord

SPIREIASL AT CROVET DAl ravs

.I:!:'.:"\-\.!:l:|";'|!
likewise for] rays emited
sinmce thie
Ll
| ey arc extended through the

they form semicircles, and the tigure 5.5

A 1
il YWILEE SCINICITCIES 3T .;-_|::.||_

weretore, the reflections ane myacle ar equal a
: |

. i 1
kLR LR NSCIVES, ||l.|:|.-\._ | LNE FYs :;||'_;||-_'-_! Irce

5, 50 |the rays] are reflected

1 EVELY i"ll ni l.|
vincide with rays falling on the centerpoint, Hear is therefore concentrated
the center by these warming rays, so that tow will be ignited laced
at thiz point

- e " 5 .
| here is SOHTIE -;ll-;'l.::-:' OAET '-L'l::'!||:'r this theorem is Eenuineky By ||-_-|._-,||| al
.

'..'..'I:;.I.".l.'i IL |-:'-_;l.':'-\.|.'lli'-\. a2 fafer, ;"'al"‘i.il,'\-" ITTLLCES I:R.Il:'.'_ and exiremaely |||_|!::||r..:||'I
interpelation. There is no gainsaying its superficialing. Moreover, it is inco-

mercmr, the first frart t'xL-=:|~|I'2:1|||:=: -.:l|:|.'-.:|.'.' that the center of curvature i

I 3
sphencal mirror does not fepr =onk a focus bor 1 e AV nd the seon |
I [ | SRR RO 1 I [ [ ..|:I.'\-| AN TIE SEO0N




SECTION V: RAINBOW AND BURNING MIRRORS

part -.l'-.'!.-'.r.l'\-.l_':""".:_||m: very' [point i far more '\"'l:l'lll"'l:'\..l::\.:l analysis of SpICrL
cal burning mirrors is (o be found in Diocles’ On Burning Mirrers, which
probably dares to the very late third century B.C. The following passage is

o propasifions 2 .|||:| ¥, |'l|'l -2, of |:||_|| ETCATRSES

5.5] [PROPOSITION 2] Leg AGM [in !;!" re 5.6 be |

circumference of a circle whose center is B, and ler the circumberence e mer
by some line AB. Let there be drawn from any rwo points on ic (the circum
ICTCTRCE '_'..l..\,'\-:ig_-_'-\.'_' 1 l| :\,' :-'\-."l|H :.|'::.;i-\. LE and (3 !I: i/ |‘!-] .|!":I! H[.. AqCi}
e Gl arcs i"‘.: 1M ':.:.‘r L :.i [0 &TC ||:r ! ECH ANgTeC Hl] _".1 .II.;:l.' HE{I
And if we make angle ZGX = angle LGS and angle GLE = angle FLM, then
..!.:_-::- ELE = BLF, remainders (of angle BLG - angle GLE and angle BLM -

Tafals FIL.&4 B .:':!_:-.' FLR ::_";' LBE, [ies] aliernare, so ing LIk

figure 5.6

_.|;;-E-,- ELR, 50 BE = LE. But LE > EA, because EA 1= the shortest of {all) the

ines drawn from E 1o the circumberence of the circle. 50 BE = EA, and alzo

BE » EG, since LE = EG. 5o angle O + angle R > angle D; and the angk

||:.:_'| :'_|'_|'::|_|"!l_.| |:| & -||:':; P zoa REC L) 4+ angls “ = ATPA |' E'I'I: ill-\. "-'.!'.ll::
of angle C + angle P = angle B + angle O + angle 0. 5o angle C > angle (3
But anple O+ anple O = angle C, so angle B = angle P, remainders (of [angle
R + angle O + angle O] _:.!.l_:'u, O 4 angle () and [angle C 4 angle P} - anglc
. ".'::!.n"g;fn P = angle 1D, 20 angle B = anple [, so0 BX = XA

[ :;,':., £ WE DESSCDEG Al ENOE FL NS D :'.'!|-\.!:!|l!:1'!.|'-\..'.'; .|:!|.'.'.|
Il AR b | lar H. H |

draw any number of parallel lines to AGM, the circumiberence of the arcle,
. . i y " 1
and they are reflected from circumberenee Ala 5o a5 1o produce cqual angles,
. i . i ; i
then (the reflecred lines) pass between points A and H, and no line amoeng
i el f T 1.1
them passes between points B and H. The nearer one of the lines parallel ro

_l"._ﬁ l. !:|_'1|.|'i-_ the WEARErR [D ;'lll.!:' H |‘|-:.'\- 105 ::':..'.ll!' ;'l.n.'. .::-\.: :l'.l !.I'!;:-\.!
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ne of them is (from AB), the nearer 10 point A does iis reflection

PFROPOSITION 3] Ler FAD [in fipure 5.7] b
circumberence of a cirele in the established plane, and let its center be B, Lex
t5 raciug be BA, and ler BA be bisected at H. Let DF cur AR perpendio
arly at H. Th ach of the arcs DA and
Al 15 3 sixth of the circumberence, Ler us
bizcct arc DA a0 G and arc AF at N, and
-!I.l'\-'\- |.[| ||.II.I|E.: o AR, ang 1211 ':,H-

hen when TG is reflected from paing G

|
-
]

Sk dln 1 I'|'.I3I-Cl. l-il:.l .-!|:_:i-\.-\. l.'.|:|| Al l}‘l_|

5
Ll

,.,-
: X3 =
| EREEEL L

i falls between poants A and H, as we

.1__
=)

showed above. Lecin fall on point X, and
:.: 1"|.|.| 1Tl .E-Cl\. with sk an ..||::| g ;,'.i||_.;

toangie 5. Then it s out thai .||'.;_i. 5

| _r.\‘..

thi angle: therelore angle O
rigght angle. And angle 5 = angle

T4ty .|";'_:- K .:II:.:!;.' H., .'|::il: i.!l;_:i:'-_.'

o angic L) .il-5;|-\. L2 8o ingle BHE

is simikar o triangle GEX. And GE = BH,

because HA = Kz = HB." 20 GX = BF

II'II. ':-l."‘.. lu'.. i'.-\..":l.l-\.: =I|:_:E:' kY .||'!-_|.L |

s BL = BA, Burangle s = 113 of 2 '|:_-!|: ﬁgelrr 5.7

angle, and angle H is a righr angle, 20 angle

L= M3 ol a right angle. 5o BE 1S BH-, so0 BX? = 4/3% BH? also.® S0 BH

» 6 HX," and AH = BH, 50 AH > & XH, and therefore AX = 5 XH

And when the lines parallel 1o AB which meet ares GD and MF are re

R

1 :.!.:.|i -I=::i.-. :i'.w.".' (=] ".“ !'I WEET |||::'::-\. 'l. _||'.-_i 5., a% [0 :!_|_-

o AH) beyond X towards H. none of the (above) rays are reflecred

I'he ravs parallel to AB which meetr are GAN, when reflected ar equal

ATERACS, C1I18 ?'-.“. :;:.;".l.ll | R '-'-|"::.i| I TC :.:.L:-\. il !.:||;|| illu:ll:-\.{|_:||q,| \‘*-. :.|-q.|-

cut XH, ar X. The nearer one of the other rays (among those reflected from
arc GAN] is to A, the nearer ins reflection iz to H

30 if AB i ke Pt SAECEONArY and are ALY i rofated unol fe rerwrns te 16

(SFAEITHAN PESEERO, 'i'.:.' '.'-\-.||:|':!: |i::'.|r: '.'..l:.'-:- A SPaLETEca curtace, If :|'|| !.|:|:;-

B

iz zf

2L
med 10 b nd nl N nie phe o e I ehe i
LI 10 DTS Q0w Placedl FCimg the sun so0 that one of LNe SUuns rmys

[REESTS] il ng AB. then the ays relleced from the surface formed by the
I||-.|IE:--;| b AT ':..p.l:' when :|.|_- Is i-\.'ll.'..l-\."\.i At |'||.!'| .|!'||,;|-\.'. -\.'.:.l |i! |
E!I. lI.."‘.. wiLls :i':; Favs I-\.':=.'..I'\.-\.E Irom :i:: '.!.I:ll.l_' "-\.ii:il.\.;.' !.l:|:'-_-_i ':'.-_ _:||.
rotatien of ) are AG wall {all L LR line HX, and the rays COmINE from ihe
..I:;'_-\. 51 .'-\.:- in that SUFace '-'.::I-.i'. E"'..'\-\.-\.:-\- I|:::|||::i| !||:|'::l. |:| _|;_|i M“\. '.l..|: |.,i!
an point A The rays which are im the vicinity of poant Awill, alver retle
o, fall dloser vo point H. Thus great heat will mesule im the space berween
sinis M oand X, and it will be nearer 1o poine H than to point X. Hence,

RINCIC 1% Nor BAVINTIES 1 (e surkace I|'\-:'.|!|!'|'_!:||:|| 1 =00, aince ne ray from
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it Falls on the area in which the burning akes place.  Therelore whoewver
WEANEE [ |;'_|'-\.r_' = | |:.;| NENE= ML from a secton of 2 'H.:"II-\. e :':;l_'-_l e ||;||'|.' e

"-\.I|'|..||_\ :'\-rllq_II:I_»..{': !'l', arc ::r".

| BITRT |-:'-\. has I||||-. ':1I.'::'.|.:l||"|].|.[':'|| EWAD BT PO PCR e |'~:l|||l.~\. :|.|:-:|||I '!||:' ie -:-!.

spherical concave mirrors as burning mirrors, both points being somewhar

UNEX P !|.'-:|. j|'|-'.' r'.::-»[ l."'illlll i'i E.!'I-'!:. .I|I."|l.=-l.l|'_h Ihl. e 15 no fl.iL.'I-: |l-;u|'|| tor I:||-:'
reflected rays in the case of spherical concave mirrors, there is a fairly concen-
trated Focal ares for them. The second—and more -||r31r:'\.ir||; j1|:-ir|.|: 1% that
the |:-||r||i||!; Capacily af such mirrars is not a functon of the overall surface
area exposed to the sun: thar is, bringing more of the sphere’s surface into play
does not increase the concentration of rays. The effective surface is therefore
extremely limired

It has long breen '-.|.||::-|:-||'-\.|.'-!| that, ||:|.- the time Diocles wrote his treanise, i
had been established thar the PropecE '-||.'|J'l-.' for a crue bur MINGE MIFROr 35 para-
bolic. Although there is ne texiual evidence to support the claim, it is gener-
alby assumed thar Archimedes {d. 212 B.C. ) was aware of thar face and, more
over, thar his YOUREEr COnemporary, .".|l-.:-||:|||i||.- of ]':'l;:.l. was too, Afer all,
'I'II":*..:llllil.l‘- Wrnhe |I".|.' l.i.i.'lili.il:l'll:' [ESRISE ON COnicC SECTH NS, I I'.:lllll'\'.'ll-'l.'l. iL S MpIE-
worthy that, although Apollonius established the focal properties of both the
ellipse and the |'.:.'5'-|;r|1-::-|:|. he had |1-:'-|:||i||_|: RO Sy 00 that scare for the |1.a:.||!-:'-::|.
llI.l";'.ll.lll_"f-c'r |E| LRSS IIl':' 1‘;”\‘. I\.lli“«'r'll I.E'.!l-i. 55N ||| I.:l.ll:ut:"llll\'. ITHICTCRES LWL LLES 111
Diocles’ On Burning Mirrors, of which proposition 1, pp. 44-48, is given in

the following passage:

[5.6] [PROPOSITION 1] We believe that it is posible to make a burning
instrument al !'IE.I'H-'\- such that it lhas o £pe-
-q,|";| l,:::l!_lq_'l:l.'_ I'..'|"||-q,'|_|.' ;|'|.|: CfEE CEMN ML
lamps from it which produce fire in
temples and at sacrifices and immolations
LT ||'..|! :|'||. |.I!-c' 15 ||: .1|'- S CT :!I'..'I": r|'|-.
sacrifscial ns; this oocurs; as we are
informed, in centain remote Citics, cspe-
cially on the days of great celebrations: this
causes the people of those cities to muac-
'.-'_'l_=I E.|||_I_ il\. SOTEE |||'.|_: l\.'-i.:;,!‘l WE [
'H.IIII ||-\.-

Let there be a parabola KBM [in Fige-
wre 5.8] with axiz AZ. and let half che pa
rameter of the squares on the ordinares be
line BH.'' Let BE on the axis be equal to
BH, and lex BE be bisccted at point D
Let us draw a line tangent (o the secuion

figure 5.8

at an arbatrary point, namely line QA and
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draw line QG as ordinate to AZ. Then we know that AB = BG'? and thar
the line drawn from  perpendicalar o QA mects AZ beyond E.** So let
us draw £ perpendicular o QAL and join QD). Then GE = BH, and BH

BE, 20 £ = BE. “We subtract GE, common (to GF and BE); then the
remainder B3 = EX. Bur (B = BA, s0 AB = E£. And B} = DE, because
BE is bisected ar D, 50 the sum AD = DZ. And because wriangle AQZ is
ragh :"E"“‘i and 1% base AX 1t huecied 2t D, AD l]-li‘! DF Y L5 Angie
) = angle X, and angle A .:':_::',.' P & angle 0} EY Soler aline P wrallel to AF
pass throwgh ), namely line 5. Then anple O = angle K, which is alter
IELE 0 1§, A8HE '.I.__::: L} T ;'_E- M, S8 AT tal A AL K alss II::-.i I:I;:i |I t
angle C + angle X = angle R + angle T, [both sums being equal respecrively
tof right angles, 30 angle T = angle I' + angle Q. remainders. 5o when line
50 meets line AQ it is reflecred 1o point I, forming equal angles P +
and T berween zell and the rangent AL) Hence, it has been shown that if
afe draws from any point on KBM a line tanpent oo the section and draws
the line connecting the point of rangency with point D, cg., line QD and
draws lime H;I_ para lel po AE, then in that case ling al} us e Hected o Uit

[}, i.e., the line pasing through poing Q) is reflected at equal angles from the

| :|__'|':I [k CHRE SSCLIEER LR xld !I.I: |.!-_ !;';:;'\. EETEITE il P 1 O H“"ﬂ |||'\.-_'

the sxme property, so, since they make equal angles with the mngents, they
R0 L0 prin | B
|!-\.'I=-\.- =1 _1..!" I SN i HH."-'i I'I_-\.Ili'.l_ui IELEEIEL It ::;;i il
refurms to its ariginal pOsition and a concave surface of bras i construcred
i the surlace deseribed by KBM, and |l'..-.-.'-:i '-|.5=';'_ the umn, 5o that the
SU S TaYS et i!l-\. CRNCEYE SN TS :I":l T Wil I :': I|"::.'-\.-\.'. o |'\":|:!i LY, siruce
: i i s Rt ; ; st
they are parallel 1o cach other. And the more the (reflecting) surface is in
LaEey Yy {
creased, the preaver will be the number of rays reflecred to point D
i . ' 1 " [ B
Wich thiz elegant demonsteation, Diocles has established not only thar a prra
tolic mirror tocuses all incoming radiation to a true point bur, equally impor-
tant, that, unlike spherical mirrors, parabolic mirrors become increasingly ef

fective as more of their surface-area 15 exposed [ the |||_'|||I-*-:lu|-.:'.
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MOTES

1 . ¥ P
|!| N CoOmMMERGEryY an _'._-|-\,,|||-: Cs .I-.r.-'.':'-l-'-'l--'."-.
B
IMBLUIES D Prolemy e OpInEan :|||| I
I. niGriunage I'\h' V'L

|'"!'..':||'-i.-||-:|:|-\. late
4.0 rainbow COnsisis o

'\-:'\.l!l-\. CEVILITY,
1 I
QENCE WINALSYE

I
SCWEN COMS
IRAYE Mok [ -.'r.:.|| [ =i

o support this claim,

L i I 3 0y "
“In orther words, it we rotate the semicircle aboue axis GEP, poing M will descrile
- I - - . i
a semicircle, thar semicircle representing the basic arc of the rainbow

| il :l"::'.l '\-|:..|".:.' o ol |:l:'.'. :_:-:-:I'l _"t1 i% I-:-_ _|_|_-_i if
upan Carl B, Boyer, The Rarnbon LA
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I': T .-\.:l!:-.' I._|:'|_|-\,,'.--:_.-_
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d thies so musy
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4 T property of segment 70 tormed by the intersections of the perpendicular
IRy [N Tamgent R the ardinate on the axa that i be cdjual o hall the AR IMeier,

WINLCH BF SLl Lo H‘E' O CENSIrEciion) ||":|I"'\-. Ii:|l\.'i'\-l\.'l\.:I"\III'||=|'II: .l" ITIELSE EC I!.'!l\.!'l-‘-

peximl B, sance nersec Q=P G lies below [T B

Miince triangle AQYE is right, then it can be inscribed into a cirde with ZA as
diamcter and D as center. Hence, ALY, DR, and DY, being radii, are all equal
from the Eact thar erangtes DXL and ACQDY arc isoccles

| || 5 .'||.| WE




CONCLUSION

The immediate course of mathemarical oprics after Prolemy is difficulr 1o
trace with any accuracy because of a lack of texrual evidence. All indications
are, |1:|1'-.'|_".'-'.'r. thar the science of n-pl:il.':- sultered ¢ la-lll-i-:'-:'l:ll:l-:_' -;l:_'.;li.-'_n,- duar imgE
late antiquity. [here is Fair |_1.' clear evidence, for instance, thar, while Euclid's
:l|l|'.|.-|| work was still in effective circulation (as witness Theon of Alexandrias
fourth-century commentary on Euclid’s Optics), Prolemy's oprical masterpiece
seems (o have sunk into near-immediate oblivion, True, an absence of texs is
not |1rl.!'l:r-u!' an absence of scholarly interest or ACTIVILY; b, piven the scant
textual evidence available—ine :.l.u!irl!_' Anthemius of Tralles” rather maladroir
sixth-century study of the ‘I::'ll.'l.liil||'_-|=-|-::-5:l|.'rl:.' of parabolic mirrors—we must
conclude that the period between rougl ly 200 and 850 A.DD. was one of S
nation, if not ::::.:rl_!rll:[ P FER5HON,

The -.i‘.I.I:II il!-.': '\..'-:'I.l\..:i:l\.'l.l -.!.:.l.|||:|| i .|||1. withi |-:';|_- _'Il.r.";l::n_ :"x'n_:. .;4_._:.|||:.| |:5_-.\_|||".- “i
the rranslation pProgram sp snsored ",1:,- al-Ma'miin (fl. c. 820). varions Creek
optical texts came under serious scrutiny during the first half of the ninth
century. Qur of thar scrutiny came one of the earliest optical treatises o be
compaosed in Arabic, the De aspectibus of Ya'qib al-Kindi (d. c. 870). While
L:-L":'EI!:-' rooted in the Euclidean l:|‘=-|'.|..|.: rradition, this ireanse nonetheles shows
signs of genuine creativiry, particularly in the analysis of radiation from point
sources. The model dhar al- Hi|||_||- CONStructs
in proposition 14 s as follows: let circular
segment ABLY with centerpoint C [in fig
ure 6.1] represent the surface of the cornea,
and let points A, B, and D FEpPresents point-
sources of visual mdiation. Each point will
therefore create a hemisphere of radiation,
Mx I:'R.'i”.I!, .';.'|'lh'."~'.'|||l.';| |:_'. arc EF, Bs by arc
GH, and D’ by arc KL. All of these hemi
spherical segements overlap toward point X,
where radial line BC intersects arc EL of
-:l'-.'l.'r.III r.I-:‘“.I!.:n-rl .I.!".I_lx :Il;- Mo ne |:-:-:|'||'L_

figure 6.1

between A and D thar are taken into ac-

count, the more concentrated the area of overlap roward point X. “There

fore,” al-Kindi concludes, it has been demonstrated thar the center :nl' the

161
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||-.-|n|x*:1i:;-r:- of radiation ar point A] s i||I|:'||'--:".:.' illuminated.. And what lies
'h.!ll""\-'ﬂ.'r L) :ll.ll 5"llil1l 15 More illtt‘l’lx;.'?:-' |i|I.II'||I||.|I|.1‘| I|‘:.||| '.-.'J'1:|.l I!i"k. |.:Irl..':"|..,'r I'.r-:'||1'|
it. bPor mone |i!_-,|u falls wpon thas point—Iie., it 15 Hluminared |1:u more point
SOUrces of ||::'_|'|l 1

Within a century of al-Kindi's death (c. 870), mathemartical optics had
reached such a ||i!_'||| :|||.||_1.'Ii| level that the mathematician Tbn Sahl (fl. . R0
was able not only 1o derive the sine-law of refraction but to use it in demon-
strating the tocal propertics of hyperbolic lenses. In this he anricipated Kepler
(d. 1630) and Descartes (d. 1650) |:'[.' some six-and-a-halt cenmuries. Bur far
maore historically significant than [hn Sahl weas his YOUNEET CONtemporary, b
al-Haytham (Latinized as “Alhacen”), author of a monumental optical synthe-
sis entitled Kirgl al-Managir (“Book of Optics™). Closely modeled afrer
1':<|.|_'|||:,'.'\. [-'_Il'-ln'.'-.'.-. :||I'\- 'l-'l-'lll..-\.. |'|-.l:.|!'_|:t Ill_i;:.'lll:': several :|||.||:-.':i|_ -.:r.:mia i.'||_|||.._1-
ing Galenic ocular anatomy and physiclogy, Euclidean-Prolemaic ray-analy
515, CXpEl imentalism, and Aristorelian |l|1:l.'.-..|. . |'he result 15 a true i|||:.-_-5;|.||_||,:.||_
that represents more than the sum toal of its separare parts.

]II H | .'l:'.II Lt | L Ilr'.l.'ll. .'l'||||.!I. :'l'l..'h -':-\.-.'u'u.'lf-' .'|'|'. .Iu |r..||‘.'|'.'.__'.'.l':'::.|| I\.:'H. I:I'|r_' l_l_||||||||_||'_|:|| |||.

the Greck—particularly the Prolemaic—oprical tradition. Yet in an equally

real sense it marks the beginning of a new and fundamentally antithetical

|||::|:...I rradition. For, whereas Alhacen’s predecessars seem to have been unani-

mous [or at least virtually so) in supporting the Euclidean-Prolemaic model of

intromissionist aleernative based on the radiation of light and color from ex-
rernal objects into the eve. Unlike Euclid and Prolemy, moreover, Alhacen
made light a direct agent in vision. Mo longer a mere prerequisite for visibil-
h

Iy |||:_||I Wik now visible ino 1S own n As such, it was funcoonally inde

s

pendent of the visual process and, therefore, a subject for physical analysis in

105 o right

ﬁgun: 6.2

By rendering light per se visible, Alhacen pointed the way toward the

i i . : : -
l.'Il."- ;.':l."'l.i'llli.'l'll of modern ;'-I!'."-Il. .I.I PERCE, I_-cl-c"\.l,:llll_' '\.'.!l_ll INTEMEATENS oF -
lernity. Alhacen's work till firmbe enrrenched in the clussies] teaditing of
dernity, Alhacens work was still e Y Cnirencned in fhe Ciasiecal tradiiacn of

r.=.'.'-.'||'|-'.f:.':~|- with irs -:':'.'.',:l||.|-.:~ on -i-i:_||| rather than (14119 A look ar his basic
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theory of visual perccpiion will make chis et clear. Ac l=r-.‘|II|_:', o Alhacen,
every point on a luminous or illuminated object radiates its form in all pos
gible directions, thus creating a hemisphere of radiation (note thie simalarity to
._I I""\.\,l:;l_il'\-\. |||_"E|:'.: 51 .'_\'.'.ll.lll.l".-""'. I !

Each such hemisphere can be resolved ineo in

numerable 1o al rays [: presented in

i]!_;;::{ 6.2] .-"..x-:-.-.||||_1:::.'. EVETY POInE On rhie

luminous or illus wwed object is radially con

nected 1o every Nt Fcing 1t on the surtace

of the eye [see hgure 6.3]

Az a receptor il \.II.\_II Ponl arms, the Eve

l'lj_',un: i

! -
has a peculiar seructune ..|:.||;|r|! 105 visual hung

i I | ] 1 in fi ; | witl
tion. The ocular globe itself [as represented in figure 6.4] s contained within

Al CHARCT '\-II:'..'.II :Ill: ConsisiE of the -l .I|Ii| IlE Corncal EXrensmon at the

front. 115 centerpoint 15 an [3. lnside chis :__||||:'-|,- is a smaller globe called the
uvea, whose centerpoint C lies in front of D. The opening at the front of the
uveal sphere forms the pupil. Mext in line comes the crystalline lens, Iis
anterior surface is a EIment of a :-.315".“-:' with its center of curvarure at D, and
its posterior surface is a segment of a more gently curved sphere.  Finally, ar
the rear of the uveal sphere 15 an opening for the hollow optic nerve that

[ - - 1
ates at the Iront af i!!l' III.. 1 I:"‘::"- ErYE CONYeYs VISl sparg i

gelerm

cornen

(]

Higure 6.4

brain all the way o the anterior surface of the crvstalline lens, w

ndered visually sensitive.  All of the spaces within the eye are hilled
optic humors of different refracaany, = rerion between the cornea and
anterior surface of the crystalline lens 15 repiete weith albugineous humor, which

iz more refractive than lhe coystalline lens, in en, i Alled with glacial
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humor, which s more refractive than the albugineous humor in frone of it
A e obd e i Il e
A e rest of fhe LvYel h'r".l:'!'.' DBt [e iEnsS is .II.I.'-C WItE it L=kl I'|'|:|'|'.I!'r.
i :
which is even more refractive than the glacial humor in frone of it
:"Il\.'\l COnsLitafecl, |.|'|l\.' Eye .|.r|||. T '-||I.'||||-\.\,.i||'|.', iII:' l\.\,”|'-«.|:|.||||'|-q.' !l_‘ll:\---rp;,'-
: ; g S P T
ceaves the polint-forms of |I‘!',|'|I and illuminated color thar are radiaged from all
the point-sources on facing visible objects. The ensuing impression should
e AR e e hls e should t T i s
theretore be as chaotic as possible, W should not, in short, see defined 1m
sore Thacwe s Allacem conclndes -t becatice oF ths ceculiar venial senrny
ZECE 1AL Whek Rk, 1ACET CONCIOes, 15 DeEcauss of the |--\'.a.||||.|r'-ll-|..l. EIELLY-
ity of the crvstalline lens thar lets ic accepr, or "feel,” only those forme that
strike it orthogonally. The rest it ignores because of their relanve weakness, so
i 3 ; 3 : :
WILLL IS '.'.r!-C'l.||'l-'|.'|'|' I pressEd On :.II':' I-C'.':"'\- 1% il :'lilll: 'I"ﬁ"l:‘llll'l: |I.'|i‘||."-(':!t.|‘.|:||'l I!I

ill;, |:rl:_:.|l'|.'.| L |'\-\.!|!|-\.\.' SUrtzce .I.II;_' I-q,'!":'\.-\. .':\.'!r.:\.l_l:'n.'l_' |_|i1|1|:--\-||;|||'| .II'\-\:I_: COIMES NS

ﬁ.gure 6.5

"l!.'.:.' I"-' .III':"'I-'-".!'I‘!'_ :I:'.I.Z""i.' k] ||I.I| '-|III\.IZ' il Illlllil_!'_llllulll'.' [y AEER I.II.'IIII!_'.!.'E

unrefracted while detlecring the rest out of consideration [see figure 6.5]. What
rESules 15 A COne of II] ECTIVE FRCAETION W II'::I"':' I.:l:lhl.' 15 [o IIEI:'II Yy e v |.'h:|::l|-€' ST

face and whose vertex lies ar I, the center of the ocular globe, Belore actually

figuire 6.6
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:|||Lr~¢-~t||1:-_ il [.:' Ilil'l-'\-i.".{':. thu FAYE-CUM-=-1IMage ane ||_'|;_|_||_'|;| at the [rasterio
surface of the lens so as o be funneled in proper, upright order along the
visual axis into the hollow opLic Nerve whence it evenmually passes into the
brain for perceprual ju lgment [see figure 6.6]

From thiz account it should be clear eha |:'I|!|-.'!1'::-.'-. cone of visual radia
tion and Ibn al-Haytham's cone of visible radiation are perfectly congruent;
thar 15, every Euclidean-Prolemaic visual ray -:_--._::n..hn:;_|-|||-.n._||.,! fram the cen-

ter of sight oo the visible object has an Alhacenian COUNTETPart .:--.,::-||4|i||!; 1
ward from the visible -.II-":'.'-.Z to the center af s ] As tar as rav-analysis 15
concerned, then, the two accounts are mathemarically equivalent because they
share the same analytic perpective—Irom Il."ll.'l.{'llll.r{lll'\-\.i!:lllz outward. This s
not, however, to deny thar Alhacen made signficant advances over Prolemy.
'l|||. |i".l.' I-i.""\-l.'l 1|| ANAlGmy .III|| |:|I'.1il:l5|!_i_'\_:.'.\, I‘.li-r INESCANCE, _'II,IE'L-.\.;';.'-, BCCTETRE il\. |.I|r
||lel"k.'”l“l."'l'i.‘i'l\'.‘i"?\-i'- & and !l:-:-h:-|||||| than Prolemy's, and the same holds ar the
level of perceprual psychology. Ar the level of mathematics, moreover, Alhacen's
_'_."___I..':\.u. I:III-\.!I.\,'LiI:_| ""E'-'I"I- Z"'-'-HE'IEI.'III"-. i'l.'|.'lI|..'.::.II|_'. in r-\.':-.!-:'| i [a ]y .II|:| rq'ir.\_;l,[|<lj|,
ICPresents 4 quantum leap in sophistication over i"_.;|'_|_-|||:.-'«.
Small wonder, then, thar Alhacen’s optical synthesis gained canomic al sta
| ¥ |

tus within Scholastic circles so soon afrer |'-|'|||i:_||.;..':k|.||:-:| inta Latin (. 1200).

Indeed, the logical force of his account was such thar, within only a few de

. M 3 g j 1 i~
l..|'i‘|l!"‘1- Of 105 TS ZI|:||‘\-C'.IF.IIII. Ean Lann horm, 1t nad I MEd 2 II.III-:“I.II 4] |_r!|._'_,||

derivative works, inclu ng Roger Bacons D maltiplicatione specieriam (c. 1260)
and -"'fc'?"_l.'-'r'l freng |c. ..'['-":l:', Wirelo's |”i-'.'-_,"-.-'.-.".'.'-.' le. 1275). and i-n,-|||'| Pecham's
Pergpectiva compunis (. 1280). Along with the Latin version of Alhacen's
own treatise, under the title D¢ aspectibur, these works formed the core of the
so-called .|":.'.'*~'}":.'~\..:I'-|=I ceadition, which Howrished until the ;_-_||'|:.. SEvERTEEn
century. Within this tradition the science of optics achieved a remarkably

high rechnical level during the Middle Ages and Renaissance

figure 6.7




PIOLEMY AND ANCIENT OPTICS

A salient -:'w-..|||||'-|-."'- Iheodonc of Freibure's earlyv-fourteenth-century reso

|III o Ol :||:.' '.|II||‘:- 1k il:l- HEMT .:-..c-:=||||-!; 1o 2 combina on of relracrions
reflections withir raindrop. Let sphere BCD [in figure 6.7] represent a
|.|:||-.||-'-|'. and ler AR represent a solar ray. Let AB strike the ;_||||;||.:-.31 ar such
le thar it passes through r r than |!'I|:'x|||1; from interface BD. Ac-
.-:'-:||i||!_-|I:.'. when AB enters the o ically denser rain '_.||| it will be refracted

roward the normal dong path BC, IE in turn,
L 15 adequate oo cause retlec :'|.I:|'|-.'I..:.' will e diver o poant [ where i
will re-enter the air to be refracted away from the normal .||.-:'|::; DE. O
|\'.'.IR.|'I||I_!'_ I:III:' eve, DIE I-'\-'i” I!:-.'r-:'i::-::' vield a 3 Ilt;_ . IIllr I '::I'_.C"‘-\.l-\.|:li| |:':-:|| .L!n:'
pends ultimately upon the original .|||!'_|'.' of incidence at the mindn 5 SUK
LceE. .'l."\. LS p D |-:":I'l'.'.. 1y ri'|._- q.-l.l:| W S _;_|'||E'_ |'l| (s .\,l_:.\,' (18] :| i !1_r:-H_
MAtic Effect -.'|:.'.|Z:'-.‘| ||_-, thie :.-.|::.'.. RS .|||.| thai « I.h'. t s, a5 | "l.::-.4.|=|l: '=|||||||*u.'.|.
a tunction of the original angle ot incidence at the raindrop's surface. Theoderic
Wl :\.Il-\:'ii'llllll.' |"\-'\-l.':III.::!:.' COTEECE E!I 'H. .I||.||'|."H. & i ;I r '|_'\-|||.\.'_ H I:'__u at '_|:;.
descriptive level. And he was not alone. Working independenty ar almost

vacen, Kamal al
Ciin, arrived ar virmally the same explanation of the rainbow.

Diespite the weight ot authoriry thar it accrued between roughly 1260 and
1600, the |'!'I'-}‘-!'-'.i'-i'-! account of vision did not so overwhelm its Euclidean
Prolemaic forehear as vo render it moor, On the contrary, several Scholastic
thinkers, Roger Bacon foremost among them, viewed the two accounts as
-.-'-||:|*-|:'|!|-.'.'!: iry rather than contradictorny, and some later thinkers, such as
CERE -I'-:i:.-;'!'|:|: ceEnrury -.-|'~I!:-. .|| writer, Francesco "'.';.l'.'.:n:|:-.|_n_ I:_'I: Iree 1o \.I;
Derween intromissionist and excramissionist frameworks when it suited chets
inalyric purposes cf. the discussion of Aristotle on p.151 above). Indeed, the
I-.'|.II"-':'=:'-' rich Latin texoual traditions of Euclid’s Cleficy (34 manuscript cop-

) .IIIIZI i .d:"-:_!'-'.'-'.'l ¢ (52 ma Lript .\,l\.'\lll"i:"\.l. 15 '..'-';,'.i a5 of :I:l:l_;.'|||l|'.'\-\. [ Ao |z
manuscript copies), bespeak a CONTINUING and ¥ interest in those works
right Up T the end of the sixreenth century. And why not? Since both the
Perspectivist and Euclidean-Prolemaic accounts share the same an lytic bramie-
work—in termis of a cone of radiation with 1t v riex at the cenrer of -.;g:!“
thien, as far as ray-analysis s concerned, Perspectivist oprics can be viewed as a
III.':-\.'i.!.:!"'ill..l.ll:l".l.l:' L] | r-\.':llli.ll.l:ll ol IS |:I|;§ i |::-=':-:|:|_'|||_||-_ -_:|||||||_'r|l__'r

['hus linked chrough analyric focus, both the Prolemaic and !"-.'r-l'e-;-:_ [

s '\-II i:..I\.I the same 5 in :Il:' -;_-.|r|-. SR |I||.'R.':I:|I Cenrury u.'l::'“ _'\-.:.\,
'

. Al
he larter |l>.|;|-:"-.|~:.|::|:|'_-\.||::||||-.' o s A Vo DRRERE ST F i KR

} |
Emendations oo Witela' ) af 1604, The focus of his cringue was the cone of
liation. W ny, 1L'|!-|-:" mused, should the rayvs that form the visual LTS bie

limited o those '-:ril\-.ll'.;:_ the bens |:-r|§"|:.;-:|:*:.|.||'.':' Why, in other v.-:‘t:-|-., should

| ;
¢ lens be exempt from the laws thar govern all other transparcn
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bodies r!-l‘.-C'l.:_IIi'..'.Il-q,'l'll kind—for example, glass flasks filled wich warer® |'-..'.-.-|||.;-_-':-.
answer was thar it should not. On thar basis he transformed the lens from a

SENSITIVE DO h.:'l-:'. o {0 3 mere bog LSl = -'l.x._ |:r-.|||1-.:_|'.'. as hpure (9]
f 1 1

ﬁyp:n: b8

illustraces, the lens is understood o accepr aff of the ravs reax hing it from any

£
tion is determined by the lenss curvature and refractivity. The more point

!-:.'-'I.'II |'l-.l'.:'|‘.- SONCE ]". |"|'ill 4111 I:|'n'.'!'.'| 1o bocuis in 4 ill:~|||l: image |:'-_ l.'.':".l:-'--:' |:|-\. H |

sources that are taken into account, the more pOINE HMages are projec ted, un
i |

il, fimally, an inverred point-by poInt representation of the oripinal object is

higure 6.9

tormed behind the lens |a% 1n |I!1I.'.:'-'.' i Ry By I“..l.'|=|\'.'.' 5 PELSOmIng, ‘.||'.'||. the eve
5 nothing more than a camera within which che images of external objecrs are

ST I'\l'| |.|Il:' !I.'II'- Il!ll:'\l.". I:II-C' :I.'|I.".:I.| SOreEn al '.II-!' :.'\I.I. k.

By “objectitying” the account of sight in this way, Kepler did away in one

fell T with the ceneral analytic conventions of bkoth the Euclidean-Prole
maic and the Perspectivist acocounts of viston. First and foremose, the eve or
L.‘:I-'BE.II]'.‘."EL' |¢.'."::~ WS o |.l.:-|'|!'_|.'| Yigww -:';l. A% A SEnSve .|!;|.'||I ifi I.:n' Y i'\-ll..; [rrocess;
it was reduced to absolute passivity. Second, the cone of radiation was now
|'|||||.I'.-.:-r|:|||:. irrelevant becawse all of the ravs reaching the cye from a given
object, not just the -:ITI:||-:IQ-_-:I.".:L|~. go into the formarion of visual imges, This

meant, finally, that the center of ‘i'4|1' no longer served any analyvtic pue pose,
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because it no longer |-.'|=|-.'=:'||Iu| the intersection poini—either actually o

potentially—Ffor the visible radiation transmied by the lens. Thus bereft of

s 2 ¥ I -
s |.I.I.||I|:Il\.'\l:'|.'.| .III.II\'iil '-I{"\‘-.l:llllﬁl |!|!I 5 WIS an |.|-\.; ;'q'_'_|_;|||' [0 ke CEpe Eranst
LN ToMm SCEenCE “I :‘*-Il'_II'. O SCICNCE ':'\II II::.III. A [rRANSIEHN [hal wWis -_'l:-||||,:||;'!|'|:|

by the end of the seventeenth century.
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